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ORIGINAL ARTICLE

Numerical solution of the second order linear and nonlinear integro-
differential equations using Haar wavelet method

Rohul Amina, Ibrahim Mahariqb,c, Kamal Shahd, Muhammad Awaisa and Fahmi Elsayedb

aDepartment of Mathematics, University of Peshawar, Peshawar, Khyber Pakhtunkhwa, Pakistan; bCollege of Engineering and
Technology, American University of the Middle East, Kuwait; cDepartment of Electrical and Electronics Engineering, University of
Turkish Aeronautical Association, Ankara, Turkey; dDepartment of Mathematics, University of Malakand, Dir(L), Khyber
Pakhtunkhwa, Pakistan

ABSTRACT
In this paper, a numerical algorithm is developed for the solution of second order linear and
nonlinear integro-differential equations. The Haar collocation technique is applied to second
order linear and nonlinear integro-differential equations. In Haar technique, the second order
derivative in both linear and nonlinear integro-differential equation is approximated using
Haar functions and the process of integration is used to obtain the expression of first order
derivative and expression for the unknown function. Some linear and nonlinear examples
are taken from literature for checking validation and convergence of proposed technique.
The maximum absolute and root mean square errors are compared with the exact solution
at different collocation and gauss points. The convergence rate using different numbers of
collocation points is also calculated, which is approximately equal to 2.
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1. Introduction

Integro-Differential Equations (IDEs) are equation
that contains integral and derivative of an unknown
function. There are several applications of IDEs in
the field of engineering. Some applications of these
equations can be found in heat and mass transfer
(Kanwal, 1971), scattering in quantum physics and
population models (Saaty, 1981). Several researchers
worked on the solution of higher order IDEs. Chen,
He, and Huang (2020) found the solution of second
order linear Fredholm IDE by using the method of
fast multi scale Galerkin with Dirichlet conditions.
This method depends on matrix truncation strategy
and leads to generating coefficient matrix rapidly. In
Gegele, Evans, and Akoh (2014), Gegele et al. used
Chebshyev series and power series technique to
solve higher order linear Fredholm IDE through
standard and Chebyshev Guass Labatto CPs. Hosseini
and Shahmorad (2003) used Tau technique for the
solution of Fredholm IDEs with arbitrary polynomial
bases. In this method, the differential part in
Fredholm IDEs is replaced by operational Tau repre-
sentation. Rohaninasab, Maleknejad, and Ezzati
(2018) established the Legendre collocation method
for high order Volterra-Fredholm IDEs. The authors
avoid the integration and represents mixed condi-
tions as equivalent integral equations, by adding the

neutral term to the equations. Saadatmandi and
Dehghan (2010) formulated numerical solution of
high order linear FID-difference equations with vari-
able coefficients. In this method, Fredholm IDE
reduces to a set of linear equations by broaden
approximate solution in form of Legendre polyno-
mial with unknown coefficients. In Yeganeh,
Ordokhani, and Saadatmandi (2012), Yeganeh et al.
presents sinc-collocation technique for solving
second order boundary value problems of nonlinear
IDEs. Manafianheris (2012) used the modified Laplace
Adomian decomposition technique to solve the IDEs.
Yassein (2019) developed the iterative technique for
higher order IDEs. Kashkaria and Syam (2017) solve a
class of nonlinear Volterra-Fredholm IDEs by utilizing
stochastic computational intelligence technique. In
Jimoh (2019), Jimoh used integrated Trapezoidal col-
location technique for solving third order IDEs. In
this technique, the approximation of highest deriva-
tive is done by the power series and canonical poly-
nomials and the assumed solution is then integrated
successively to obtain lower derivative in the prob-
lem. The trapezoidal rule is applied on the first order
derivative to obtained the unknown function. These
derivatives and unknown functions are substituted in
the concerned problem and after simplification, the
resulting equations is collocated at some equally
spaced interior points of the interval which leads to
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a system of algebraic equations. Issa and Salehi
(2017) developed Chebsyshev Galerkin technique
for the numerical solution of perturbed Volterra-
Fredholm IDEs. This technique obtain the approxi-
mate solution for IDEs by adding the perturbation
terms to the right hand side of IDEs and then the
resulting equation is solved by using Chebyshev-
Galerkin technique. Rashidinia and Tahmasebi (2013)
utilized the modified Taylor expansion method for
the approximate solution of linear IDEs. In this
method, Taylor expansion of the unknown function
at an arbitrary point, the IDEs is solved into a system
of linear equations for the unknown and its deriva-
tives which can be dealt within easy way. This tech-
nique gives simple and closed form solution for a
linear IDEs. Rani and Mishra (2019) presents modified
Laplace Adomian decomposition method for Volterra
integral and IDEs. A new modified laplace adomian
decomposition method depends on Bernstein poly-
nomials is presented to find the solution of nonlin-
ear Volterra integral and IDEs. Khaireddine and Fateh
(2016) used modified Haar wavelet functions for
solution of first order linear IDEs.

In this paper, we used the HWC method for the
solution of second order linear and nonlinear
Volterra-Fredholm IDEs. Consider the following
second order linear IDE

v00 xð Þa xð Þv0 xð Þ þ b xð Þv xð Þ ¼ k1

ðb
a
k1 x, tð Þv tð Þdt

þ k2

ðx
a
k2 x, tð Þv tð Þdt

þ f xð Þ,
(1)

and second order nonlinear IDE

v00 xð Þ þ a xð Þv0 xð Þ þ b xð Þv xð Þ

¼ k1

ðb
a
k1 x, t, v tð Þ, v0 tð Þ, v00 tð Þ� �

dt

þ k2

ðx
a
k2 x, t, v tð Þ, v0 tð Þ, v00 tð Þ� �

dt þ f xð Þ (2)

subject to the initial condition (IC)

v 0ð Þ ¼ a, v0 0ð Þ ¼ b, (3)

where a, b, c are functions of x, k1, k2 are smooth
functions known as kernels of integration, f(x) is
given function, k1, k2, a and b are any constant
real numbers.

The paper is organized as: Haar functions are
defined in Section 2. Numerical HWC technique for
the solution of second order linear and nonlinear
IDEs is given in Section 3. In Section 4, some prob-
lem from literature are given for validation of HWC
method. Conclusion is given at the last Section 6.

2. Haar wavelet

The Haar functions are piecewise constant functions
having three values 1, �1 and 0. The Haar scaling
function on interval c1, c2½ Þ is given by Aziz and

Amin (2016)

h1 tð Þ ¼ 1 for t 2 c1, c2½ Þ,
0 otherwise:

(
(4)

The mother wavelet on c1, c2½ Þ is

h2 tð Þ ¼
1 for t 2 c1,

c1þc2
2

h �
,

�1 for t 2 c1þc2
2 , c2

h �
,

0 otherwise:

8>>><
>>>:

(5)

All the other terms in the Haar series can be rep-
resented in t 2 q1,q2½ Þ except the scaling function

hi tð Þ ¼
1 for t 2 q1, q2½ Þ,
�1 for t 2 q2, q3½ Þ,
0 otherwise,

8><
>: (6)

where

q1 ¼ c1 þ c2 � c1ð Þ fd ,

q2 ¼ c1 þ c2 � c1ð Þ fþ 0:5
d

,

q3 ¼ c1 þ c2 � c1ð Þ fþ 1
d

,

where integer d ¼ 2r , where r ¼ 0, 1, :::, r0 and let
the integer f ¼ 0, 1, :::, d � 1: The number i can be
obtain as i ¼ d þ fþ 1: In the interval 0, 1½ �, q1, q2
and q3 are defined as:

q1 ¼
f
d
, q2 ¼

fþ 0:5
d

, q3 ¼
fþ 1
d

: (7)

Any member of L2 0, 1½ Þ, space of square inte-
grable function is expressed as:

v tð Þ ¼
X1
k¼1

kkhk tð Þ: (8)

This series is truncated at finite N terms for
approximation purpose, i.e.

v tð Þ �
XN
k¼1

kkhk tð Þ:

We use the symbol

pi, 1 tð Þ ¼
ðt
0
hi xð Þdx, (9)

and the value of the above integral is calculated by
definition of hi and is given by

pi, 1 tð Þ ¼
t � q1 for t 2 q1, q2½ Þ,
q3 � t for t 2 q2, q3½ Þ,
0 elsewhere:

8><
>: (10)
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Thus value of pi, 2 is

pi, 2 tð Þ ¼
ðt
0
pi, 1 sð Þds,

by simplifying this integral, we have

pi, 2 tð Þ ¼

1
2 t � q1ð Þ2 if t 2 q1, q2½ Þ,
1

4m2 � 1
2 q3 � tð Þ2 if t 2 q2, q3½ Þ,

1
4m2 if t 2 q3, 1½ Þ,
0 elsewhere:

8>>>><
>>>>:

(11)

Also the value of pi, 3 is given by

pi, 3 tð Þ ¼
ðt
0
pi, 2 sð Þds,

by simplifying this integral we obtain

pi, 3 tð Þ ¼

1
6 t � q1ð Þ3 if t 2 q1, q2½ Þ,
1

4m2 t � q2ð Þ � 1
6 q3 � tð Þ3 if t 2 q2, q3½ Þ,

1
4m2 t � q2ð Þ if t 2 q3, 1½ Þ
0 elsewhere:

8>>>><
>>>>:

(12)

Similarly, the value of pi, 4 is given by

pi, 4 tð Þ ¼
ðt
0
pi, 3 sð Þds,

Generally,

pi, n tð Þ ¼
ðt
0
pi, n�1 xð Þdx: (13)

Thus pi, n tð Þ is obtained as under (Aziz & Amin,
2016),

pi, n tð Þ

¼

0 for t 2 0, q1½ Þ,
t�q1ð Þn
n! for t 2 q1,q2½ Þ,
t�q1ð Þn�2 q1�q2ð Þn½ �

n! for t 2 q2,q3½ Þ,
1
n! ½ t � q1ð Þn � 2 q1 � q2ð Þn þ t � q3ð Þn�, for t 2 q3, 1½ Þ:

8>>>>>><
>>>>>>:

(14)

For HWC technique, the interval a, b½ � is discre-
tized using formula:

tm ¼ aþ b� að Þm� 1=2
2M

m ¼ 1, 2, 3, 4, :::, 2M:

(15)

The Eq. (15) is known as collocation point (CP).
Guass points (GPs) is also termed as integration
points because numerical integration is carried out
at these points. These points are represented as:

Gj ¼ h
j � 1
2

þ 3� ffiffiffi
3

p

6

� �
,

Gjþ1 ¼ h
j � 1
2

þ 3þ ffiffiffi
3

p

6

� �
, j ¼ 1, 2, 3, 4, :::,N� 1:

3. Haar collocation technique

In this section, numerical method is developed for
the solution of second order linear and nonlinear

IDEs. We developed Haar wavelet collocation (HWC)

method for interval 0, 1½ �: We use the notation H ¼PN
i¼1 : The second order derivative is approximated

by Haar function and the expression for the lower
order derivative is obtained by the process of inte-
gration. Also, the integrals involved in the Eqs. (1)
and (2) is calculated by utilizing the Haar formulaða2

a1

f sð Þds � a2 � a1
N

XN
m¼1

f smð Þ

¼
XN
m¼1

f a1 þ a2 � a1ð Þ m� 0:5
N

� �� �
: (16)

By applying the HWC method to Eqs. (1) and (2),
we obtain a system of algebraic equations by substi-
tuting collocation and Guass points. Broyden’s
method is used for nonlinear system while linear sys-
tem is solved by Gauss elimination technique to find
the Haar coefficients. At the end, by using these
coefficients, the numerical solution at the collocation
points and Gauss points is obtained.

Let v00 xð Þ 2 L2 0, 1½ Þ, then
v00 xð Þ ¼ Haihi xð Þ: (17)

Integrating from 0 to x two times and using IC
(3), we have the following expression for first order
derivative v0 xð Þ and unknown function v(x)

v0 xð Þ ¼ bþHaipi, 1 xð Þ, (18)

and

v xð Þ ¼ aþ bx þHaipi, 2 xð Þ: (19)

The expression (19) is known as the approximate
solution of Eq. (1) and (2).

3.1. Linear case

Putting the Haar approximations and values of
v00 xð Þ, v0 xð Þ and v(x) in Eq. (1), we get

Haihi xð Þ þ a xð Þ bþHaipi, 1 xð Þð Þ
þ b xð Þ aþ bx þHaipi, 2 xð Þð Þ

¼ k1

ðb
a
k1 x, tð Þ aþ bt þHaipi, 2 tð Þ� �

dt

þ k2

ðx
a
k2 x, tð Þ aþ bt þHaipi, 2 tð Þ� �

dt þ f xð Þ:

By applying the above Haar integral formula (3),
we have

Haihi xð Þ þ a xð Þ bþHaipi, 1 xð Þð Þ þ b xð Þ aþ bx þHaipi, 2 xð Þð Þ

¼ k1
b� a
N

� �XN
m¼1

k1 x, tmð Þ aþ btm þHaipi, 2 tmð Þð Þ

þ k2
a� x
N

� �XN
m¼1

k2 x, tmð Þ aþ btm þHaipi, 2 tmð Þð Þ

þ f xð Þ:
After simplification

14 R. AMIN ET AL.



Haihi xð Þ þ a xð ÞHaipi, 1 xð Þ þ b xð ÞHaipi, 2 xð Þ

� k1
b� a
N

� �XN
m¼1

k1 x, tmð ÞHaipi, 2 tmð Þ

� k2
a� x
N

� �XN
m¼1

k2 x, tmð ÞHaipi, 2 tmð Þ

¼ a xð Þbþ b xð Þaþ bx

þ k1
b� a
N

� �XN
m¼1

k1 x, tmð Þ aþ btmþð Þ

þ k2
a� x
N

� �XN
m¼1

k2 x, tmð Þ aþ btmð Þ þ f xð Þ:

putting the collocation points, we get

Haihi xjð Þ þ a xjð ÞHaipi, 1 xjð Þ þ b xjð ÞHaipi, 2 xjð Þ

� k1
b� a
N

� �XN
m¼1

k1 xj , tmð ÞHaipi, 2 tmð Þ

� k2
a� xj
N

� �XN
m¼1

k2 xj, tmð ÞHaipi, 2 tmð Þ

¼ a xjð Þbþ b xjð Þaþ bxj

þ k1
b� a
N

� �XN
m¼1

k1 xj , tmð Þ aþ btmþð Þ

þ k2
a� xj
N

� �XN
m¼1

k2 xj, tmð Þ aþ btmð Þ þ f xjð Þ:

This is N�N linear system, which is solved by any
linear iterative method. Here we used Gauss elimin-
ation method for solution of this linear system. The
unknown Haar coefficients are obtained from solu-
tion of this system. The solution at CPs is obtained
by putting these Haar coefficients ai’s in Eq. (19).

Remark 3.1. If k1 ¼ 0, then the Eq. (1) is known as
second order linear Fredholm IDEs and if k2 ¼ 0,
then the Eq. (1) is called second order linear Volterra
IDEs. Similar numerical method can be developed for
the solution of Fredholm IDEs and Volterra IDEs.

3.2. Nonlinear case

Putting the Haar approximations and values of
v00 xð Þ, v0 xð Þ and v(x) in Eq. (2), we get

Haihi xð Þ þ a xð Þ bþHaipi, 1 xð Þð Þ
þ b xð Þ aþ bx þHaipi, 2 xð Þð Þ

¼ k1

ðb
a
k1 x, t, aþ bt þHaipi, 2 tð Þ, b�

þHaipi, 1 tð Þ,Haihi tð Þ
�
dt

þ k2

ðx
a
k2 x, t, aþ bt þHaipi, 2 tð Þ, b�

þHaipi, 1 tð Þ,Haihi tð Þ
�
dt þ f xð Þ:

The above integrals are calculated by using Eq. (3)
and we have

Haihi xð Þ þ a xð Þ bþHaipi, 1 xð Þð Þ
þ b xð Þ aþ bx þHaipi, 2 xð Þð Þ

¼ k1
b� a
N

� �XN
m¼1

k1 x, tm, aþ btmð

þHaipi, 2 tmð Þ, bþHaipi, 1 tmð Þ,Haihi tð Þ
�

þ k2
a� x
N

� �XN
m¼1

k1 x, tm, aþ btmð

þHaipi, 2 tmð Þ, bþHaipi, 1 tmð Þ,Haihi tmð ÞÞ þ f xð Þ:

After simplification and putting CPs, we have

let Fj ¼Haihi xjð Þ þ a xjð Þ bþHaipi, 1 xjð Þ
� �

þ b xjð Þ aþ bxj þHaipi, 2 xjð Þ
� �

� k1
b� a
N

� �XN
m¼1

k1 xj, tm, aþ btm
�

þHaipi, 2 tmð Þ, bþHaipi, 1 tmð Þ,Haihi tð Þ
�

� k2
a� xj
N

� �XN
m¼1

k1 xj, tm, aþ btm
�

þHaipi, 2 tmð Þ, bþHaipi, 1 tmð Þ,Haihi tmð ÞÞ
� f xjð Þ ¼ 0:

This is N�N nonlinear system of algebraic equa-
tions, Broyden’s method is used for the solution of
this nonlinear system. The unknown Haar coefficients
are obtained from solution of this system. The
required solution at CPs is obtained by substituting
these unknown Haar coefficients ai’s in Eq. (19). The
Jacobian of the system is calculated by using the fol-
lowing partial derivatives

@Fj
@am

¼ hm xjð Þ þ a xjð Þpm, 1 xjð Þ þ b xjð Þpm, 2 xjð Þ

�
XN
m¼1

k1
b� a
N

� �
þ k2

a� xj
N

� � !

pm, 1 tmð Þ þ pm, 2 tmð Þð Þ:

Remark 3.2. If k1 ¼ 0, then the Eq. (2) is known as
second order nonlinear Fredholm IDEs and if k2 ¼ 0,
then the Eq. (2) is called second order nonlinear Volterra
IDEs. Similar numerical method can be developed for
the solution of Fredholm IDEs and Volterra IDEs.

4. Numerical examples

In this section, some examples are given to show
the performance of the HWC method. If vapc denotes
the approximate solution and vexc denotes the exact
solution at CPs and GPs then maximum absolute
error Ecp and Egp are defined as

Ecp ¼ maxjvexc � vapcj,
Egp ¼ maxjvexg � vapgj:

The root mean square error at CPs and GPs is
defined as

ARAB JOURNAL OF BASIC AND APPLIED SCIENCES 15



Mcp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

XN
i¼1

jvexc � vapcj2
 !vuut ,

Mgp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
N

XN
i¼1

jvexg � vapgj2
 !vuut :

The convergence rate at CPs and GPs is denoted
by Rcp and Rgp is defined as (Majak, Shvartsman, Kirs,
Pohlak, & Herranen, 2015):

Rcp ¼ log vapc N=2ð Þ=vapc Nð Þ½ �
log 2 ,

Rgp ¼ log vapg N=2ð Þ=vapg Nð Þ½ �
log 2 :

Problem 1. Consider the following linear second order
Volterra IDE (Saray, 2019)

v00 xð Þ �
ðx
0
xtv tð Þdt ¼ ex 1þ x � x2ð Þ � x, (20)

with the ICs v0 0ð Þ ¼ v 0ð Þ ¼ 1. The exact solution
is v xð Þ ¼ ex:

Problem 2. Consider the second order Volterra IDE
with the IC

v00 xð Þ ¼ 1þ
ðx
0
x � tð Þv tð Þdt,

v 0ð Þ ¼ 1, v0 0ð Þ ¼ 0:
(21)

The exact solution is v xð Þ ¼ cos hx:

Problem 3. Consider the second order Fredholm IDE
(Chen et al., 2020)

v00 xð Þ �
ð1
0
k x, tð Þv tð Þdt ¼ f xð Þ, (22)

where

k x, tð Þ ¼ ext , f xð Þ ¼ 2þ x � 2ð Þex þ x þ 2
x3

:

The exact solution is v xð Þ ¼ x x � 1ð Þ:

Problem 4. Consider the following second order linear
Fredholm IDE (Avazzadeh, Heydari, & Loghmani,
2011)

v00 xð Þ ¼ ex � 4
3
x þ

ð1
0
xtv tð Þdt, (23)

with IC v 0ð Þ ¼ 1, v0 0ð Þ ¼ 2. The exact solution
is v xð Þ ¼ ex þ x:

Problem 5. Consider the following second order
Volterra-Fredholm IDE

v00 xð Þ þ v xð Þ ¼ 2þ ex � eþ
ðx
0
v tð Þdt þ

ð1
0
v tð Þdt,

(24)

with the IC v 0ð Þ ¼ v0 0ð Þ ¼ 1. The exact solution
is v xð Þ ¼ ex:

Problem 6. Consider the second order nonlinear
Fredholm IDE

v00 xð Þ ¼ ex þ 1
4
e2 � 2ð Þx þ 1

2

ð1
0
x t � v2 tð Þ
� �

dt, (25)

with the IC v 0ð Þ ¼ v0 0ð Þ ¼ 1. The exact solution
is v xð Þ ¼ ex:

Problem 7. Let us consider the following nonlinear
Volterra IDE

v00 xð Þ ¼ sin hx þ 1
2
x � cos hx sin hxð Þ þ

ðx
0
v2 tð Þdt,

(26)

with IC v0 0ð Þ ¼ 1, v 0ð Þ ¼ 0. The exact solution
is v xð Þ ¼ sin hx:

Problem 8. Consider the following second order non-
linear Volterra-Fredholm IDE

v00 xð Þ þ v2 xð Þ ¼ e2x þ 5
4
ex þ 1

2
e� 3

2
� 1
4

ðx
0
v tð Þdt

� 1
2

ð1
0
v tð Þdt,

(27)

with IC v 0ð Þ ¼ v0 0ð Þ ¼ 1. The exact solution
is v xð Þ ¼ ex:

5. Results and discussions

The second order derivative in linear and nonlinear
IDEs is approximated by Haar function and the
expression for the first order derivative and unknown
function is obtained by the process of integration.
By applying the HWC technique we get a system of
linear and nonlinear equations by substituting CPs.
Broyden’s method is used for nonlinear system,
while Gauss elimination method is used for solution

Table 1. Ecp, Rcp, Egp, Rgp, Mcp and Mgpfor Test Problem 1.
J N ¼ 2Jþ1 Ecp Rcp Egp Rgp Mcp Mgp

0 2 5.8564 �10�03 —— 2.8365 �10�03 —– 3.7065 �10�03 1.7344 �10�03

1 4 1.5848 �10�03 1.8856 7.2795 �10�04 1.9622 9.2844 �10�04 4.2078 �10�04

2 8 4.1174 �10�04 1.9445 1.8438 �10�04 1.9811 2.3221 �10�04 1.0437 �10�04

3 16 1.0489 �10�04 1.9727 4.6397 �10�05 1.9905 5.8059 �10�05 2.6040 �10�05

4 32 2.6469 �10�05 1.9865 1.1637 �10�05 1.9952 1.4515 �10�05 6.5068 �10�06

5 64 6.6481 �10�06 1.9933 2.9140 �10�06 1.9976 3.6288 �10�06 1.6265 �10�06

6 128 1.6658 �10�06 1.9966 7.2910 �10�07 1.6265 9.0721 �10�07 4.0661 �10�06

7 256 4.1695 �10�07 1.9983 1.8235 �10�07 1.9994 2.2680 �10�07 1.0165 �10�07

8 512 1.0429 �10�07 1.9991 4.5597 �10�08 1.9996 5.6701 �10�08 2.5413 �10�08
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Table 2. Ecp, Rcp, Egp, Rgp, Mcp and Mgp for Test Problem 2.
J N ¼ 2Jþ1 Ecp Rcp Egp Rgp Mcp Mgp

0 2 1.1238 �10�03 —— 3.3632 �10�04 —— 6.3826 �10�04 1.8048 �10�04

1 4 3.1857 �10�04 1.8187 8.3060 �10�05 2.0176 1.5802 �10�04 3.9173 �10�05

2 8 8.5232 �10�05 1.9021 2.0752 �10�05 2.0009 3.9417 �10�05 9.3860 �10�06

3 16 2.2065 �10�05 1.9495 5.1938 �10�06 1.9983 9.8487 �10�06 2.3203 �10�06

4 32 5.6150 �10�06 1.9744 1.2996 �10�06 1.9986 2.4618 �10�06 5.7845 �10�07

5 64 1.4163 �10�06 1.9871 3.2509 �10�07 1.9992 6.1544 �10�07 1.4451 �10�07

6 128 3.5567 �10�07 1.9935 8.1298 �10�08 1.9996 1.5387 �10�07 3.6121 �10�08

7 256 8.9115 �10�08 1.9968 2.0327 �10�08 1.9998 3.8465 �10�08 9.0299 �10�09

8 512 2.2303 �10�08 1.9983 5.0823 �10�09 1.9998 9.6161 �10�09 2.2574 �10�09

Table 3. Ecp, Rcp, Egp, Rgp, Mcp and Mgp for Test Problem 3.
J N ¼ 2Jþ1 Ecp Rcp Egp Rgp Mcp Mgp

0 2 7.5384 �10�04 —– 7.6576�10�04 —– 5.7453 �10�04 5.5447 �10�04

1 4 1.9610 �10�04 1.9426 1.9496�10�04 1.9737 1.4398 �10�04 1.3916 �10�04

2 8 4.9330 �10�05 1.9910 4.9027�10�05 1.9915 3.6027 �10�05 3.4821 �10�05

3 16 1.2331 �10�05 2.0001 1.2283�10�05 1.9968 9.0090 �10�06 8.7073 �10�06

4 32 3.0842 �10�06 1.9992 3.0735�10�06 1.9987 2.2524 �10�06 2.1769 �10�06

5 64 7.7110 �10�07 1.9999 7.6868�10�07 1.9994 5.6311 �10�07 5.4424 �10�07

6 128 1.9277 �10�07 2.0000 1.9220�10�07 1.9997 1.4077 �10�07 1.3606 �10�07

7 256 4.8194 �10�08 1.9999 4.8056�10�08 1.9998 3.5194 �10�08 3.4015 �10�08

8 512 1.2048 �10�08 1.9999 1.2014�10�08 1.9999 8.7988 �10�09 8.5042 �10�09

Table 4. Ecp, Rcp, Egp, Rgp, Mcp and Mgp for Test Problem 4.
J N ¼ 2Jþ1 Ecp Rcp Egp Rgp Mcp Mgp

0 2 4.2182 �10�03 —— 2.5768�10�03 —— 2.8761 �10�03 1.6016 �10�03

1 4 1.1023 �10�03 1.9361 6.5929�10�04 1.9666 7.2185 �10�04 3.9205 �10�04

2 8 2.8069 �10�04 1.9734 1.6623�10�04 1.9877 1.8064 �10�04 9.7464 �10�05

3 16 7.0755 �10�05 1.9880 4.1703�10�05 1.9949 4.5171 �10�05 2.4331 �10�05

4 32 1.7757 �10�05 1.9944 1.0442�10�05 1.9977 1.1293 �10�05 6.0807 �10�06

5 64 4.4478 �10�06 1.9972 2.6124�10�06 1.9989 2.8234 �10�06 1.5200 �10�06

6 128 1.1130 �10�06 1.9986 6.5333�10�07 1.9994 7.0585 �10�07 3.8000 �10�07

7 256 2.7837 �10�07 1.9993 1.6336 �10�07 1.9997 1.7646 �10�07 9.500 �10�08

8 512 6.9610 �10�08 1.9996 4.0844 �10�08 1.9998 4.4116 �10�08 2.3749 �10�08

Table 5. Ecp, Rcp, Egp, Rgp, Mcp and Mgp for Test Problem 5.
J N ¼ 2Jþ1 Ecp Rcp Egp Rgp Mcp Mgp

0 2 5.3009 �10�03 —— 2.7407�10�03 —— 3.4169 �10�03 1.6853 �10�03

1 4 1.4265 �10�03 1.8938 7.0312�10�04 1.9627 8.5725 �10�04 4.1036 �10�04

2 8 3.6958 �10�04 1.9485 1.7785�10�04 1.9831 2.1450 �10�04 1.0188 �10�04

3 16 9.4028 �10�05 1.9747 4.4710�10�05 1.9920 5.3637 �10�05 2.5425 �10�05

4 32 2.3712 �10�05 1.9875 1.1207�10�05 1.9962 1.3410 �10�05 6.3535 �10�06

5 64 5.9536 �10�06 1.9938 2.8057�10�06 1.9980 3.3525 �10�06 1.5882 �10�06

6 128 1.4916 �10�06 1.9969 7.0189�10�07 1.9990 8.3815 �10�07 3.9704 �10�07

7 256 3.7331 �10�07 1.9984 1.7553�10�07 1.9995 2.0953 �10�07 9.9260 �10�08

8 512 9.3377 �10�08 1.9992 4.3889�10�08 1.9998 5.2384 �10�08 2.4814 �10�08

Table 6. Ecp, Rcp, Egp, Rgp, Mcp and Mgp for Test Problem 6.
J N ¼ 2Jþ1 Ecp Rcp Egp Rgp Mcp Mgp

0 2 7.0423 �10�03 ——- 2.9986 �10�03 ——- 4.3062 �10�03 1.8175 �10�03

1 4 1.9468 �10�03 1.8549 7.7106 �10�04 1.9594 1.0794 �10�03 4.3888 �10�04

2 8 5.1227 �10�04 1.9261 1.9580 �10�04 1.9774 2.7005 �10�04 1.0872 �10�04

3 16 1.3141 �10�04 1.9627 4.9353 �10�05 1.9881 6.7524 �10�05 2.7118 �10�05

4 32 3.3281 �10�05 1.9813 1.2390 �10�05 1.9939 1.6881 �10�05 6.7757 �10�06

5 64 8.3724 �10�06 1.9910 3.1039 �10�06 1.9970 4.2197 �10�06 1.6935 �10�06

6 128 2.0983 �10�06 1.9964 7.7662 �10�07 1.9988 1.0544 �10�06 4.2331 �10�07

Table 7. Ecp, Rcp, Egp, Rgp, Mcp and Mgp for Test Problem 7.
J N ¼ 2Jþ1 Ecp Rcp Egp Rgp Mcp Mgp

0 2 4.7839 �10�3 ——- 2.5001 �10�3 ——- 3.1024 �10�3 1.5598 �10�3

1 4 1.2856 �10�3 1.8957 6.4488 �10�4 1.9549 7.8016 �10�4 3.8286 �10�4

2 8 3.3261 �10�4 1.9505 1.6362 �10�4 1.9787 1.9533 �10�4 9.5260 �10�5

3 16 8.4595 �10�5 1.9752 4.1203 �10�5 1.9895 4.8860 �10�5 2.3786 �10�5

4 32 2.1383 �10�5 1.9841 1.0337 �10�5 1.9949 1.2226 �10�5 5.9448 �10�6

5 64 5.4314 �10�6 1.9771 2.5891 �10�6 1.9973 3.0674 �10�6 1.4861 �10�6

6 128 1.4255 �10�6 1.9916 6.4800 �10�7 1.9930 7.7768 �10�7 3.7154 �10�7
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Table 8. Ecp, Rcp, Egp, Rgp, Mcp and Mgp for Test Problem 8.
J N ¼ 2Jþ1 Ecp Rcp Egp Rgp Mcp Mgp

0 2 4.0151 �10�03 ——- 2.5960 �10�03 ——- 2.8051 �10�03 1.6136 �10�03

1 4 1.0300 �10�03 1.9628 6.6487 �10�04 1.9651 7.0419 �10�04 3.9516 �10�04

2 8 2.6037 �10�04 1.9840 1.6772 �10�04 1.9870 1.7666 �10�04 9.8259 �10�05

3 16 6.6711 �10�05 1.9646 4.2134 �10�05 1.9930 4.4673 �10�05 2.4542 �10�05

4 32 1.8314 �10�05 1.8650 1.0608 �10�05 1.9898 1.1694 �10�05 6.1466 �10�06

5 64 6.2605 �10�06 1.5486 2.7148 �10�06 1.9662 3.4853 �10�06 1.5497 �10�06

6 128 3.2708 �10�06 0.9366 7.4053 �10�07 1.8742 1.4880 �10�06 4.0096 �10�07

Figure 1. Comparison of Ecp errors for 32 CPs of Problem 1.

Figure 2. Comparison of Ecp errors for 32 CPs of Problem 2.

Figure 3. Ecp errors for different CPs of Test Problem 3.

Figure 4. Comparison of Ecp errors for 32 CPs of Problem 4.

Figure 5. Comparison of Ecp errors for 32 CPs of Problem 5.

Figure 6. Comparison of Ecp errors for 32 CPs of Problem 6.
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of linear system to find the unknown Haar coeffi-
cients. Finally, by utilizing these Haar coefficients the
solution at CPs and GPs is obtained. Ecp, Egp, Mcp and
Mgp errors for different number of CPs and GPs for
all problems are given in tables. The maximum abso-
lute and root mean square errors at different colloca-
tion and gauss points for Problem 1 are given in
Table 1, for Problem 2 it is given in Table 2, for
Problem 3 it is given in Table 3, for Problem 4 it is
given in Table 4, for Problem 5 it is given in Table 5,
for Problem 6 it is given in Table 6, for Problem 7 it
is given in Table 7 and for Problem 8 it is given in
Table 8. The comparison of both (numerical and ana-
lytical solution) for different CPs are shown in
Figures. Figure 1 represents the comparison for 8
CPs of Problem 1, Figure 2 represents the compari-
son for 16 CPs of Problem 2, Figure 3 represents the
comparison for 16 CPs of Problem 3, Figure 4 repre-
sents the comparison for 32 CPs of Problem 4,
Figure 5 represents the comparison for 8 CPs of
Problem 5, Figure 6 represents the comparison for 8
CPs of Problem 6, Figure 7 represents the compari-
son for 16 CPs of Problem 7, Figure 8, represents the
comparison for 8 CPs of Problem 8. A good

performance of the proposed HWC method is
observed from tables. All errors are decreased by
increasing the number of CPs and GPs. The Rcp is
also calculated, we see that the Rcp is approximately
equal to 2, which confirms the theocratical result of
Majak et al. proved in Majak et al. (2015). An import-
ant property of HWC method, which is observed
from all tables, is that if we take more CPs and GPs,
the accuracy gets better.

6. Conclusion

In this paper, the HWC method is used to find the
solution of linear and nonlinear second order IDEs.
The Ecp, Egp, Mcp and Mgp, errors are calculated for
different number of CPs and GPs. The errors are
given in tables each example. The convergence rate
is also calculated which is approximately equal to
two. Comparison of exact and approximate solution
for 32 CPs are also shown for each example in fig-
ures. The main advantages of this method are its
simplicity and less computation costs: it is due to
the sparsity of the transform matrices and to the
small number of significant wavelet coefficients. An
important advantage of the HWC method, which can
be observed from the figures and tables, is that
whenever we increase the number of collocation
points, the accuracy gets better. This is not the case
in several methods where polynomial approxima-
tions are used. In those methods after a certain
point the accuracy of the method starts deteriorat-
ing. MATLAB software is used for all computa-
tional work.
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