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Abstract In this article, various approaches to calculate
covariant expressions for the bilinears of Dirac spinors are
presented. For this purpose, algebraic equations defining
Dirac spinors are discussed. Following that, a covariant
approach for spacetime parameterization is presented and
the equations defining Dirac spinors are written fully in terms
of Lorentz scalars. After presenting how the tensorial bilin-
ears can be reduced to combinations of scalar bilinears with
appropriate Lorentz structures, a covariant recipe for the cal-
culation of scalar bilinears is provided.

1 Introduction

Expressions involving products of Dirac spinors are among
the most common objects appearing in the problems of high
energy physics. For example, any Feynmann diagram involv-
ing fermions includes Dirac bilinears (e.g. as in Fig. 1). Var-
ious conventions for spinors are present in the literature,
and those mostly rely on the two-spinor formalism which
generally involves an explicit choice of Dirac matrices and
defining the four-component Dirac spinors in terms of the
well known two-component Pauli spinors (see e.g. [1–3]).
However, calculating covariant expressions for them in terms
of the relevant Lorentz vectors remained an unfinished task
[4]. Although existing conventions appear to be sufficient for
standard perturbative calculations, the use of Lorentz covari-
ant expressions in the study of bound states, for example
in hadronic physics [4] is expected to be more enlighten-
ing. Another possible use of Lorentz covariant expressions is
expected to be in strong background physics, for example in
strong background QED, where, just like in hadronic physics,
fermions “dressed” with gauge bosons (and also with virtual
pairs) are involved [5].

What actually is expected from the use of Lorentz covari-
ant expressions of Dirac bilinears can be easily exemplified

a e-mail: maliolpak@gmail.com (corresponding author)

within the context of hadronic physics. As is well known,
hadrons are bound states of quarks and gluons. For a spec-
ified hadron, all multi-particle Fock states having the same
quantum numbers with that hadron contribute to the quantum
state of the hadron. For example, for a meson, one can write
in light-cone quantization [7–12]:

|M(P;2S+1 L Jz , Jz) >

=
∑

Fock states

∫ [
∏

i

dk+
i d

2k⊥,i

2(2π)3

]
2(2π)3δ(3)

(
P̃ −

∑

i

k̃i

)

×
∑

λi

Ψ
J Jz
LS (k̃i , λi )|relevant Fock state > . (1)

where k̃ = (k+,k⊥) and Ψ
J Jz
LS (k̃i ) are the light cone wave

functions corresponding to the Fock states having the same
quantum numbers with the hadron. The light-cone wave func-
tion involves outer products of spinors with different momen-
tum arguments [8]. For example, for parapositronium [8], one
can write:

Ψ
0,0
0,0 (k̃1, k̃2) = N (k̃1, k̃2)

× {u(k̃1,↑)v̄(k̃2,↓) − u(k̃1,↓)v̄(k̃2,↑)},
(2)

where N (k̃1, k̃2) is the momentum-dependent normalization
factor for the wave function, and u (v) are the free positive
(negative) energy spinors, respectively. When writing down
amplitudes, traces are taken and products of spinors with
different momentum arguments appear.

Previously, C. Lorcé calculated Lorentz covariant expres-
sions for Dirac bilinears and presented a list of bilinears
involving all linearly independent combinations of Dirac
matrices [4]. The approach used by C. Lorcé made use of
a standard boost from the rest frame [4]. Although the final
results in [4] are Lorentz covariant, this is not explicit, as indi-
cated in [4] as well. In this work, explicitly Lorentz covariant
expressions are sought. Our approach examines the foliation
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Fig. 1 An example diagram expressing the process e+e− →
μ+μ− at the lowest order in the corresponding perturbative expan-
sion [1]. The matrix element A for this diagram is: A =
v̄s

′
(p′) (−ieγ μ) us(p)

−igμν

q2 ūr (k) (−ieγ ν) vr
′
(k′)

of spacetime in terms of a set of basis vectors, such that the
momentum 4-vector of a fermion can be chosen as one of
the basis vectors. Then, using that basis set, we show that
the Dirac equation and its solutions can be constructed in
a fully covariant manner. However, in our calculations it is
also revealed that there will still remain some freedom in the
calculation of scalar bilinears, which can be reflected in var-
ious ways depending on the line of reasoning. Those will be
explained in the following sections as well.

Our paper is organized as follows. In Sect. 2, we present
the well known relations relating Dirac spinors and the four
vectors which are in a sense “arguments” of these spinors.
In Sect. 3, we present various algebraic relations among the
bilinear structures which also involve the Lorentz vectors,
and also we show that all tensorial bilinears can be reduced
to combinations of scalar bilinears with appropriate tenso-
rial structures constructed from the basis vectors. This sec-
tion closes with a covariant recipe for calculating the scalar
bilinears. Then we conclude the article. We also present two
appendices at the end of the text, which present certain details
discussed in the other sections and also how the spinor rep-
resentation of a Lorentz transformation can be expressed in
our setting.

2 Dirac spinors and Lorentz vectors

Dirac spinors are solutions to the celebrated Dirac equation.
In momentum space, Dirac equation can be expressed as (see
e.g. [1–3]):

(
γμ p

μ − εm
)
wε(p) ≡ (

/p − εm
)
wε(p) = 0, (3)

where γμ are the Dirac matrices satisfying:

{γμ, γν} = 2gμν (4)

and gμν are the components of the metric tensor. Here, p and
m are respectively the momentum four-vector (with p0 > 0
assumed [2]) and mass of the relevant fermion and wε(p)
is the corresponding Dirac spinor. ε = +1(−1) corresponds
to positive (negative) energy solutions. In 3 + 1 dimensions,
there are two linearly independent solutions for each value
of ε [1–3].

Information about the spin of the particle is carried by the
Pauli–Lubansky vector, which reads [2]:

Wμ = i

4
εμναβ p

νσαβ, σαβ = i

2

[
γα, γβ

]
, (5)

for a spin−1/2 particle.
In general, Pauli–Lubansky vector satisfies [2]:

W · W = −m2λ(λ + 1), (6)

where λ is the spin of the relevant particle, which is equal
to 1/2 for quarks and leptons. The projection of this vector
on any four-vector s orthogonal to p (that is, satisfying s ·
p = 0) is related to the rest-frame spin projections of the
fermion along a four-vector which is obtained by Lorentz
transforming s to the rest frame [2]:

−W · s
m

wε,σ = ε × 1

2
γ5/swε,σ = ε × σ × 1

2
wε,σ , (7)

where σ = ±1, s2 = −1, and wε,σ = wε,σ (p, s). Thus,
the four linearly independent Dirac spinors can be identified
with the following eigenvalue equations:

/pwε,σ = εmwε,σ , γ5/swε,σ = σwε,σ . (8)

Lorentz transformations which leave p and s unaltered do
not alter the above equations but they do alter the explicit
expressions of the spinors. However, the transformed spinors
will still be solutions for the above equations with the same
eigenvalues.

A Dirac spinor in the irreducible representation in 3 +
1 dimensions involves 4 complex (and equivalently 8 real)
functions to be calculated, and as we have seen, we look for
4 independent spinor solutions. However, there are various
algebraic relations which relate the spinor components to one
another, which will be discussed in the next section. Here, we
present only one of them, namely a phase convention which
relates positive and negative energy spinors as follows ([4]):

γ5wε,σ = −εσw−ε,−σ . (9)
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Our approach for calculating Dirac bilinears in terms of
Lorentz scalars is based on covariantly using the four-vector
s in line with the momentum four-vector p, instead of calcu-
lating rest frame spinors using a specific coordinate system
and boosting them to a generic frame where the fermion has
momentum p, as is usually preferred in the literature. Once
this goal is achieved, one can make an explicit choice for the
four-vector s so as to relate the results with the conventional
expressions in the literature.

One can derive various identities involving Dirac spinors
and combinations of Dirac matrices; these have been studied
in detail in [4]. Here, we concentrate on a number of identities
which will be of practical use. Using the normalization:

w̄ε,σ wε′,σ ′ = 2mεδεε′δσσ ′ , (10)

the eigenvalue equations for Dirac spinors and the anti-
commutation relations for the Dirac matrices, one obtains
[4]:

ūσ γμuσ ′ = 2pμδσσ ′ , (11)

ūσ γμγ5uσ = 2mσ sμ, (12)

where uσ ≡ w+,σ are the positive energy solutions. One can
derive similar identities for the negative energy solutions as
well. Here, we also use: ε0123 = 1 and γ5

† = γ5. It is inter-
esting to observe that the simple trick using the eigenvalue
equations cannot provide information on the combination
ūσ γμγ5u−σ , and in fact one observes that this expression is
actually non-zero (which can be verified using any specific
explicit representation). This observation motivates defining
ūσ γμγ5u−σ (σ = + or σ = −) as two other Lorentz vectors
related to the particle under study, and examine their relation
to p and s vectors:

− 1

4m
ū+γμγ5u− ≡ dμ (13)

⇒ − 1

4m
ū−γμγ5u+ = d∗

μ. (14)

One observes that:

/dγ5u+ =
(

− 1

4m
ū+γμγ5u−

)
× γ μγ5u+

= 1

4m
γ5γ

μ (u+ ⊗ ū+) γμγ5u−

= 1

4m
γ5γ

μ
(
/p + m

) (1 + γ5/s)

2
γμγ5u−

= u−. (15)

Here, the projection operators have been used [2]:

(uσ ⊗ ūσ ) = (
/p + m

) (1 + σγ5/s)

2
. (16)

By a similar reasoning, one also observes that:

/d∗
γ5u− = u+, /dγ5u− = /d∗

γ5u+ = 0. (17)

The last equalities follow from the fact thatd ·d = d∗·d∗ = 0.
So, one derives the conclusion that /d∗

γ5 and /dγ5 are sim-
ply the spin raising and lowering matrices for Dirac spinors.
Thus, one can define the following “spin-flip” matrices:

u− ⊗ ū+
2m

= /dγ5
u+ ⊗ ū+

2m
,

u+ ⊗ ū−
2m

= /d∗
γ5

u− ⊗ ū−
2m

.

(18)

Using the eigenvalue equations and the normalization dis-
cussed above, one can easily verify that the following equal-
ities hold:

d · d∗ = −1

2
, d · d = d∗ · d∗ = 0; (19)

d · p = d∗ · p = 0, d · s = d∗ · s = 0. (20)

As is seen from the above equations, d and d∗ are null
vectors and they span a subspace of the 3 + 1 dimen-
sional Minkowski space that is orthogonal to the subspace
spanned by p and s. This also implies that the set of vectors
{p, s, d, d∗} (which we will call the p-set from now on)
can be used as a basis for spanning the whole 3 + 1 dimen-
sional Minkowski space. This observation has the following
interesting consequences:

– Any Lorentz vector, say q, can be decomposed into its
components along each of the p-set vectors:

qμ = q · p
p2 pμ + q · s

s2 sμ

+ 1

d · d∗
(
q · d d∗μ + q · d∗ dμ

)

= q · p
m2 pμ − q · s sμ − 2

(
q · d d∗μ + q · d∗ dμ

)

(21)

which can easily be verified by taking dot products with
each of the p-set vectors.

– The independence of the scalar product of any two vectors
from the basis set used for computing it implies:

q · q ′ = q · p
m

q ′ · p
m

− q · s q ′ · s
− 2q · d q ′ · d∗ − 2q ′ · d q · d∗ (22)

⇒ gμν = pμ pν

m2 − sμsν − 2
(
d∗
μdν + dμd

∗
ν

)
. (23)

This decomposition of the metric tensor in terms of the
p-set vectors implies that the p-set vectors are nothing
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but a set of vierbeins1 defined locally at the spacetime
position of the particle under study.

– Using the definitions for d and d∗ vectors, one observes
that the following equality holds:

d∗
μdν = 1

16m2 ū−(p)γμγ5u+(p)ū+(p)γνγ5u−(p)

=
Tr

(
γμγ5

(
/p + m

)
(1 + γ5/s) γνγ5

(
/p + m

)
(1 − γ5/s)

)

64m2

= −1

4

(
gμν + sμsν − pμ pν + imεμναβ pαsβ

m2

)
(24)

⇒ εμναβd
μd∗ν pαsβ = im

2
, (25)

which is related to the “handedness” of the p-set . Note
that Eq. (25) is equivalent to Eq. (23) and that Eq. (25)
does not violate the linear independence of the p-set ,
since it involves linear combinations of the tensor prod-
ucts of the related vectors rather than linear combinations
of the vectors themselves.

– It can be shown that, the vectors d and d∗ can always
be written in terms of two real spacelike unit vectors
orthogonal to each other, say n1 and n2, which are also
orthogonal to p and s, such that d = 1

2 (n1 − in2) and
d∗ = 1

2 (n1 + in2). Any Lorentz transformation Λ which
leaves p and s unchanged (that is, any rotation in the
plane spanned by d and d∗) rotates the spinors in the
spinor space but does not alter Eq. (8). That is, the rotated
spinors will still be the solutions to Eq. (8) with the same
eigenvalues:

Λμ
ν p

ν = pμ, Λμ
νs

ν = sμ,

⇒ S(Λ)/pwε,σ = S(Λ)/pS−1(Λ)S(Λ)wε,σ ,

⇒ εmS(Λ)wε,σ = /pS(Λ)wε,σ ,

⇒ S(Λ)γ5/swε,σ = S(Λ)γ5/sS
−1(Λ)S(Λ)wε,σ ,

⇒ σ S(Λ)wε,σ = γ5/sS(Λ)wε,σ , (26)

due to S(Λ)γνS−1(Λ) = γμΛμ
ν . Under such a transfor-

mation d acquires a phase and d∗ acquires the opposite

1 Vierbeins (or vielbeins in general) E A
μ are defined in the following

way:

gμν = E A
μE

B
νGAB ,

where gμν and GAB are metric tensor components referring to two
different sets of basis vectors where one set is orthonormal. Vielbeins are
generally used in the treatment of fermion fields in curved backgrounds,
where local orthonormal frames are needed to handle spinors [13,14].
So, this observation may be of practical value when calculating Dirac
bilinears in curved backgrounds or using basis vectors of curvilinear
systems.

phase. This obviously corresponds to a freedom in defin-
ing the spinors, which can be fixed (up to an overall phase
related to the normalization of the spinors) by fixing d
and d∗.
Now we can relate these observations to the calculation
of bilinear structures.

3 Algebraic relations among bilinear structures

In the previous section, we have calculated the Dirac bilinears
formed using spinors having the same four momentum, but
different spin projections. In general, Dirac bilinears formed
from two spinors of different momentum are needed. At this
point, we can return to the calculation of such bilinears.

First of all, we should note that all tensorial structures like
w̄ε,σ (p)Γ Wε′,σ ′(q) can be reduced to linear combinations
of Lorentz vectors (as dictated by the Γ matrix in the expres-
sion), such that the coefficients of the linearly independent
Lorentz structures reduce to scalar bilinears. To explain this
fact, it is useful to state various algebraic relations among the
bilinear structures.

Using w−ε,−σ = −εσγ5wε,σ , pseudoscalar structures
can directly be obtained from the scalar ones:

⎡

⎢⎢⎣

ū+U+
ū−U+
v̄−U+
v̄+U+

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

−ū+γ5V−
−ū−γ5V−
−v̄−γ5V−
−v̄+γ5V−

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

v̄−γ5U+
−v̄+γ5U+
ū+γ5U+

−ū−γ5U+

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

−v̄−V−
v̄+V−

−ū+V−
ū−V−

⎤

⎥⎥⎦ ;

⎡

⎢⎢⎣

ū+U−
ū−U−
v̄−U−
v̄+U−

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

ū+γ5V+
ū−γ5V+
v̄−γ5V+
v̄+γ5V+

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

v̄−γ5U−
−v̄+γ5U−
ū+γ5U−

−ū−γ5U−

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

v̄−V+
−v̄+V+
ū+V+

−ū−V+

⎤

⎥⎥⎦ . (27)

Using C,P,T transformation properties, it is possible to
relate the scalar bilinears among each other such that only 4
of them remain independent:

⎡

⎢⎢⎣

ū+(p)U+(q)

ū−(p)U+(q)

v̄−(p)U+(q)

v̄+(p)U+(q)

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

(ū−(p)U−(q))∗
− (ū+(p)U−(q))∗
(v̄+(p)U−(q))∗

− (v̄−(p)U−(q))∗

⎤

⎥⎥⎦

=

⎡

⎢⎢⎣

−v̄−(p)V−(q)

v̄+(p)V−(q)

−ū+(p)V−(q)

ū−(p)V−(q)

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

− (v̄+(p)V+(q))∗
− (v̄−(p)V+(q))∗
− (ū−(p)V+(q))∗
− (ū+(p)V+(q))∗

⎤

⎥⎥⎦ .

(28)

Also, it is interesting to observe that the scalar structures
themselves satisfy the Dirac equation and the corresponding
spin equation. For example, consider some U+ satisfying:

/qU+ = MU+, γ5/rU+ = U+. (29)
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Using the decompositions of q and r in terms of the p-set
and the resolution of identity in terms of the u, v spinors:

1 =
∑

σ

(
uσ (p) ⊗ ūσ (p)

2m
− vσ (p) ⊗ v̄σ (p)

2m

)
(30)

one can construct two eigenvalue equations which involve
the projections of U+ on the u, v spinors:

⎡

⎢⎢⎣

ū+U+
ū−U+
v̄−U+
v̄+U+

⎤

⎥⎥⎦ =

⎡

⎢⎢⎢⎣

q·p
m M 0 q·s

M
2q·d
M

0 q·p
m M

−2q·d∗
M

q·s
M−q·s

M
2q·d
M

−q·p
m M 0

−2q·d∗
M

−q·s
M 0 −q·p

m M

⎤

⎥⎥⎥⎦

⎡

⎢⎢⎣

ū+U+
ū−U+
v̄−U+
v̄+U+

⎤

⎥⎥⎦ , (31)

⎡

⎢⎢⎣

ū+U+
ū−U+
v̄−U+
v̄+U+

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

−r · s 2r · d −r ·p
m 0

2r · d∗ r · s 0 r ·p
m

r ·p
m 0 r · s 2r · d
0 −r ·p

m 2r · d∗ −r · s

⎤

⎥⎥⎦

⎡

⎢⎢⎣

ū+U+
ū−U+
v̄−U+
v̄+U+

⎤

⎥⎥⎦ .

(32)

The matrices appearing in the equations are nothing but /q and
γ5/r written in the basis of u, v spinors. Then, the solutions
of these equations are the eigenvectors of /q and γ5/r written
in the basis of p-set vectors. Note that it is possible to verify
Eq. (28) using these eigenvectors as well. One can also con-
struct the solutions using projection operators M±/q

2M
1±γ5/r

2 ,
along with an explicit basis for the u±(p), v±(p) spinors.
This approach needs to be followed by normalization of the
spinors, which raises the question of how to fix the phase of
the spinors in a convenient way.

Before proceeding to the calculation of scalar bilinears, we
will first show that vector, axial-vector, and anti-symmetric
tensor bilinears can all be expressed in terms of scalar bilin-
ears. First, it would be useful to express certain equalities
involving vector and axial-vector structures. Using these
equalities, one only needs to calculate 8 combinations, within
the totality of 32 possible combinations.

⎡

⎢⎢⎣

ū+γμU+
ū+γμU−
ū+γμV−
ū+γμV+

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

−ū+γμγ5V−
ū+γμγ5V+

−ū+γμγ5U+
ū+γμγ5U−

⎤

⎥⎥⎦

=

⎡

⎢⎢⎣

v̄−γμV−
−v̄−γμV+
v̄−γμU+

−v̄−γμU−

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

−v̄−γμγ5U+
−v̄−γμγ5U−
−v̄−γμγ5V−
−v̄−γμγ5V+

⎤

⎥⎥⎦ ,

⎡

⎢⎢⎣

ū−γμU+
ū−γμU−
ū−γμV−
ū−γμV+

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

−ū−γμγ5V−
ū−γμγ5V+

−ū−γμγ5U+
ū−γμγ5U−

⎤

⎥⎥⎦

=

⎡

⎢⎢⎣

−v̄+γμV−
v̄+γμV+

−v̄+γμU+
v̄+γμU−

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

v̄+γμγ5U+
v̄+γμγ5U−
v̄+γμγ5V−
v̄+γμγ5V+

⎤

⎥⎥⎦ . (33)

A similar reasoning holds for higher rank tensor structures
as well. Noting that σμνγ5 = − 1

2εμναβσαβ [2,4], one notices
that there are 4 independent structures out of 16:

⎡

⎢⎢⎣

ū+σμνU+
ū+σμνU−
ū−σμνU+
ū−σμνU−

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

−ū+σμνγ5V−
ū+σμνγ5V+

−ū−σμνγ5V−
ū−σμνγ5V+

⎤

⎥⎥⎦

=

⎡

⎢⎢⎣

−v̄−σμνV−
v̄−σμνV+
v̄+σμνV−

−v̄+σμνV+

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

v̄−σμνγ5U+
v̄−σμνγ5U−

−v̄+σμνγ5U+
−v̄+σμνγ5U−

⎤

⎥⎥⎦ .

(34)

Now we can write down the independent vector, axial-
vector and anti-symmetric tensor structures and calculate
them. In Appendix A, we show that in general d and d∗
can be chosen to be written in terms of p, s, q and r , and
we demonstrate various practical approaches useful for this
purpose. So, we can expand the tensorial structures in terms
of p, s, d and d∗ and eliminate d and d∗ from the expressions
later if needed. This approach is easier because p, s, d and d∗
are orthogonal and so no matrix inversion will be necessary
to calculate the coefficients in the expansions of the tensorial
structures. For vector and axial-vector structures, one writes:

ū±(p)γμWε,σ (q) ≡ αp

m
pμ − αssμ − 2αddμ − 2αd∗d∗

μ,

(35)

whereWε,σ (q) is a spinor satisfying /qWε,σ (q) = εMWε,σ (q)

and γ5/rWε,σ (q) = σWε,σ (q). Then, one contracts this
expression with p, s, d and d∗ to get the unknown coeffi-
cients αp, αs , αd and αd∗ . The results of this procedure are
presented in Table 1.

The same approach can be used for calculating the anti-
symmetric tensor structures. In 3 + 1 dimensions, an anti-
symmetric tensor has 6 independent components, and hence
can be expanded as follows:

ūσ̄ σμνUσ ≡ βps
(
pμsν − pνsμ

) + βdd∗
(
dμd

∗
ν − d∗

μdν

)

+ βpd
(
pμdν − dμ pν

) + βpd∗
(
pμd

∗
ν − d∗

μ pν

)
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Table 1 Expansion coefficients according to Eq. (35)

αp αs αd αd∗

ū+γμU+ ū+U+ v̄−U+ v̄+U+ 0

ū+γμU− ū+U− v̄−U− v̄+U− 0

ū+γμV− ū+V− v̄−V− v̄+V− 0

ū+γμV+ ū+V+ v̄−V+ v̄+V+ 0

αp αs αd αd∗

ū−γμU+ ū−U+ v̄+U+ 0 −v̄−U+
ū−γμU− ū−U− v̄+U− 0 −v̄−U−
ū−γμV− ū−V− v̄+V− 0 −v̄−V−
ū−γμV+ ū−V+ v̄+V+ 0 −v̄−V+

Table 2 Expansion coefficients according to Eq. (36)

ū+σμνU+ ū+σμνU−

βps
−i
m v̄−U+ −i

m v̄−U−
βdd∗ −2i ū+U+ −2i ū+U−
βpd

−2i
m v̄+U+ −2i

m v̄+U−
βpd∗ 0 0

βsd 2i ū−U+ 2i ū−U−
βsd∗ 0 0

ū−σμνU+ ū−σμνU−

βps
−i
m v̄+U+ −i

m v̄+U−
βdd∗ 2i ū−U+ −2i ū−U−
βpd 0 0

βpd∗ −2i
m v̄−U+ 2i

m v̄−U−
βsd 0 0

βsd∗ −2i ū+U+ −2i ū+U−

+ βsd
(
sμdν − dμsν

) + βsd∗
(
sμd

∗
ν − d∗

μsν
)
.

(36)

Contracting with each of the terms present in the expan-
sion, one calculates the coefficients for the 4 independent
anti-symmetric tensor structures, which are presented in
Table 2.

Now, we can calculate the scalar bilinears. Below, we
present our approach for calculating them and fixing their
phases in a covariant manner. Once a recipe for this
is obtained, there is no need for an explicit basis for
u±(p), v±(p) and acting with projections on such a basis
as well.

We begin with reminding that:

/dγ5u+(p) = u−(p), /d∗
γ5u−(p) = u+(p),

/dγ5u−(p) = /d∗
γ5u+(p) = 0. (37)

There are also corresponding relations for v±(p):

/dγ5v−(p) = v+(p), /d∗
γ5v+(p) = v−(p),

/dγ5v+(p) = /d∗
γ5v−(p) = 0. (38)

As a digression here, we can define two new vectors Δ,Δ∗
such that:

Δμ ≡ − 1

4M
Ū+(q)γμγ5U−(q),

Δ∗
μ ≡ − 1

4M
Ū−(q)γμγ5U+(q), (39)

Δ · q = Δ∗ · q = 0, Δ · r = Δ∗ · r = 0,

Δ · Δ = Δ∗ · Δ∗ = 0, Δ · Δ∗ = −1/2, (40)

/Δγ5U+(p) = U−(p), /Δ
∗
γ5U−(p) = U+(p),

/Δγ5U−(p) = /Δ
∗
γ5U+(p) = 0,

/Δγ5V−(p) = V+(p), /Δ
∗
γ5V+(p) = V−(p),

/Δγ5V+(p) = /Δ
∗
γ5V−(p) = 0. (41)

Together with q, r , they can be considered as a q-set in anal-
ogy with the p-set. In Appendix B, we describe a Lorentz
transformation which maps the p-set onto the q-set in a one-
to-one manner. Δ,Δ∗ vectors can also be used in the calcu-
lation of relative phases of scalar bilinears, following lines
similar to those given below.

We should also remember that the absolute squares of the
scalar bilinears can be calculated using projection operators.
For example:

|ū+(p)U+(q)|2 = ū+(p)U+(q)Ū+(q)u+(p)

= Tr

{
(/q + M)

(1 + γ5/r)

2
(/p + m)

(1 + γ5/s)

2

}

= (Mm + q · p)(1 − r · s) + q · s r · p. (42)

Note that this equation fixes the absolute value of ū+(p)U+(q),
but it does not fix its phase. Assuming that ū+(p)U+(q) is
non-zero,2 cross products of this bilinear with other scalar
bilinears can be calculated as:

ū+(p)U+(q)Ū+(q)u−(p)

= q · p r · d − q · d r · p + Mm r · d
+ imε(d, q, r, s) + iMε(d, p, r, s),

ū+(p)U+(q)Ū+(q)v−(p)

= M r · p − m q · s + iε(q, r, p, s),

ū+(p)U+(q)Ū+(q)v+(p)

2 If ū+(p)U+(q) is zero, relative phases of the non-zero scalar bilinears
can be calculated by comparing them against another non-zero scalar
bilinear.
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= m (−q · d + q · d r · s − q · s r · d)

− iε(d, p, q, r) − iε(d, p, q, s), (43)

where we have defined;

ε(V1, V2, V3, V4) ≡ εμναβV
μ
1 V ν

2 V
α
3 V β

4 . (44)

Notice also that, by virtue of Eq.(25):

ε(d, p, q, r) = im (q · d r · s − q · s r · d) ,

ε(d, p, q, s) = −im q · d,

ε(d, q, r, s) = i

m
(q · d r · p − q · p r · d) ,

ε(d, p, r, s) = −im r · d. (45)

Then, one obtains the ratios of scalar bilinears Ū+(q)wε,σ (p)
to Ū+(q)u+(p) as follows:

Ū+(q)u−(p)

Ū+(q)u+(p)
= 2 [r · d (q · p + Mm) − q · d r · p]

(Mm + q · p) (1 − r · s) + q · s r · p ,

Ū+(q)v−(p)

Ū+(q)u+(p)
= M r · p − m q · s − iε(q, r, p, s)

(Mm + q · p) (1 − r · s) + q · s r · p ,

Ū+(q)v+(p)

Ū+(q)u+(p)
= 2m [q · d (1 − r · s) − q · s r · d]

(Mm + q · p) (1 − r · s) + q · s r · p .

(46)

These ratios involve information about the relative phases.
Extracting out the ratios of the absolute values, one obtains
the phases of the bilinears relative to Ū+(q)u+(p). This
observation, together with Eq. (28), tell us that we have cal-
culated all scalar bilinears up to an overall phase. How can
we fix this overall phase?

Motivated by the example spinors given in Appendix B,
we can introduce, as an example:

Ū+(q)u+(p)

≡
√

−Δ∗ · d√
Δ∗ · d Δ · d∗

√
(Mm + q · p) (1 − r · s) + q · s r · p,

(47)

assuming that Δ·d∗ �= 0 and Δ∗·d �= 0. This choice does not
have to be the most useful one for practice, but it is sufficient
as a proof of concept. Having fixed Ū+(q)u+(p), we can cal-
culate Ū+(q)u−(p), Ū+(q)v−(p) and Ū+(q)v+(p) by using
Eq. (46). The remaining scalar bilinears are then obtained
from Eq. (28). Tensorial structures are obtained from Table
I and Table II. So, this completes our calculation of all Dirac
bilinears in terms of Lorentz scalars.

4 Conclusion

We have discussed how to write down Dirac bilinears purely
in terms of Lorentz scalars, and observed that all calcula-
tions boil down to determining the scalar structures. Retain-
ing Lorentz covariance in the calculations is not a straightfor-
ward task, and this fact has revealed itself in our discussion
as well. We have shown that the scalar bilinears can be cal-
culated up to an overall phase (this phase is, in general, a
function of the Lorentz vectors), and we have given a sim-
ple prescription to fix this phase covariantly. So, we have
achieved the goal to write bilinear structures in a completely
covariant manner.
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Appendix: A

The only conditions on the vectors d and d∗ are:

– that they span a subspace orthogonal to that spanned by
p and s;

– that they are null vectors; and
– d · d∗ = −1/2.

Apart from these conditions, they are arbitrary.
Notice that, d and d∗ can be written in terms of two arbi-

trary spacelike vectors n1 and n2 as 1
2 (n1 ± in2). In this

appendix, we propose an approach for how these vectors n1

and n2 can be chosen. The main purpose here is explain-
ing the idea; but different constructions are also possible as
already seen in the text.

The approach presented here relies on the fact that in
general, the vectors d and d∗ can be eliminated in favor of
the other two four-vectors q and r appearing in the bilinear
expression.
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As long as the set p, s, q, r is linearly independent, one
can make use of q and r to choose n1 and n2. The choice is not
unique, but the choice presented here just makes it easier to
calculate the spinor bilinears without using too many vectors.

One can begin with defining the following vectors:

q⊥μ ≡ qμ − q · p
m2 pμ + q · ssμ,

r⊥μ ≡ rμ − r · p
m2 pμ + r · ssμ.

First, consider q⊥. This vector is orthogonal to both p and s,
and is spacelike. Hence, as long as q2⊥ �= 0, one can choose

n1μ ≡ q⊥μ√
−q2⊥

. (48)

n2 can be defined as

n2μ ≡ K εμναβn
ν
1 p

αsβ,

where K is a normalization factor such that n2
2 = −1. Notice

that n2 is also spacelike. Such a choice is further convenient
since n1 and n2 are also orthogonal to each other.

This approach works even when only 3 of the vectors of
the set p, s, q, r are independent. For example, when r⊥ = 0
but q⊥ �= 0, the above approach works. When q⊥ = 0 but
r⊥ �= 0, one can perform the same procedure using r⊥ instead
of q⊥ in Eq. (48). Only when both q⊥ = 0 and r⊥ = 0, d and
d∗ can not be expressed in terms of the four-vectors appearing
in the set q, p, r , s.

So, we conclude that in general one can eliminate d and
d∗ from the bilinear expressions using the above approach in
favor of q, p, r and s.

Now, we can present two approaches on how to choose the
vectors in such a way that we can simplify the expressions
for scalar bilinears.

Approach I: First, notice the following fact. Contracting
both sides of Eq. (25) with ερλμν pρ and reorganizing indices,
one obtains the following relation for sμ:

sμ = 2iεμναβ p
νdαd∗β/m. (49)

Now, one can consider two vectors, t and z, which cor-
respond to a time-like direction and a space-like direction
respectively. One can then use p, t, z to construct d, d∗. For
example, let:

k̂μ ≡ εμναβ tν pαzβ
√

(p · t)2 − (p · z)2 − m2
,

l̂μ ≡ εμναβ k̂
ν pαzβ/m. (50)

It is easy to verify that k̂ · k̂ = l̂ · l̂ = −1 and k̂ · l̂ = 0. Then,
one can define d, d∗ as follows:

dμ ≡ 1

2

(
l̂μ − i k̂μ

)
, ⇒ d∗

μ ≡ 1

2

(
l̂μ + i k̂μ

)
. (51)

Using these results in Eq. (49) now gives s in terms of p, t, z.
The same approach can be used for the q-set :

K̂μ ≡ εμναβ tνqαzβ
√

(q · t)2 − (q · z)2 − M2
,

L̂μ ≡ εμναβ K̂
νqαzβ/M,

Δμ ≡ 1

2

(
L̂μ − i K̂μ

)
, ⇒ Δ∗

μ ≡ 1

2

(
L̂μ + i K̂μ

)
,

rμ = 2iεμναβq
νΔαΔ∗β/M. (52)

This way, all scalar products involving p-set and q-set vec-
tors can be written in terms of q, p, t, z. Since t, z are fixed
vectors, this means bilinear structures can be expressed for
any pair of q, p vectors exactly in the same way.

Approach II: One can take the p-set vectors to be given,
and define Δ,Δ∗ in the same way discussed above:

K̃μ ≡ εμναβqν pαsβ/m
√

(q · p)2/m2 − (q · s)2 − M2
,

L̃μ ≡ εμναβ K̃
ν pαsβ/m,

Δμ ≡ 1

2

(
L̃μ − i K̃μ

)
, ⇒ Δ∗

μ ≡ 1

2

(
L̃μ + i K̃μ

)
,

rμ = 2iεμναβq
νΔαΔ∗β/M. (53)

This way, only the scalar products of q with the p-set vec-
tors will appear in the expressions. One can also choose the
following angular definitions for q:

qμ/M = cosh(ψ)pμ/m − sinh(ψ) cos(θ)sμ

− sinh(ψ) sin(θ)e−iφd∗
μ − sinh(ψ) sin(θ)e−iφdμ.

(54)

At this point, everything appearing in the expression for S(Λ)

(discussed below) can be expressed in terms of the rapidity
parameter ψ and the 2 relative polar angles θ, φ.

Appendix B

It is possible to construct a Lorentz transformation Λ which
relates p, s to q, r . However, relating two vectors with other
two cannot completely specify the Lorentz transformation in
4 space-time dimensions. One can find an infinite number
of transformations which produce q, r from p, s whereas
each one produces different vectors spanning the subspace
orthogonal to q, r . So, one needs to consider a new basis set
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of vectors, say the q-set as discussed above, which will be
obtained by the Lorentz transformation, so that the transfor-
mation can be uniquely defined.

Here, we will consider momentum vectors with unit norm,
for the sake of simplicity: p2 = q2 = 1. Along with
this, the spinors now become normalized to 2, in accor-
dance with Eq. (11). One can obtain the momenta dis-
cussed in the previous sections by replacing p → p/m and
q → q/M . Similarly, the spinor normalization the previ-
ous sections can be obtained via (u, v) → (u, v)/

√
m and

(U, V ) → (U, V )/
√
M .

Let us define the transformation as follows:

qμ ≡ Λμ
ν p

ν, rμ ≡ Λμ
νs

ν,

Δμ ≡ Λμ
νd

ν, Δ∗μ ≡ Λμ
νd

∗ν . (55)

Then, we can write the transformation in terms of both basis
sets as follows:

Λμν = qμ pν − rμsν − 2Δμd
∗
ν − 2Δ∗

μdν . (56)

It is straightforward to verify that the defining equations are
satisfied, by remembering that p2 = 1, s2 = −1, d · d∗ =
−1/2, and all other scalar products among p-set vectors are
zero. Similarly, q2 = 1, r2 = −1, Δ · Δ∗ = −1/2 and all
other scalar products among q-set vectors are zero. One can
construct 16 different Lorentz scalars by contracting each of
the q-set vectors with each of the p-set vectors. However,
these are not all independent. For example, one can write
down the scalar products of q-set vectors in terms of the
p-set vectors, which lead to constraint-like relations among
those Lorentz scalars. As an example, one can consider the
following relation:

0 =q · r = qμgμνr
ν

=qμrν
(
pμ pν − sμsν − 2dμd

∗
ν − 2d∗

μdν

)

=(q · p)(r · p) − (q · s)(r · s)
− 2(q · d)(r · d∗) − 2(q · d∗)(r · d). (57)

The details used here have been discussed in Sect. 2.
Such relations can be used for simplifying the calculations
described below. It is also possible to obtain specific recipes
for choosing p-set and q-set vectors. In Appendix A, we
have presented two alternatives on how to choose the p-set
and q-set so that Λ can be written down using less number
of vector products.

Now, we can discuss how to write down the spinor rep-
resentation S(Λ) for the Lorentz transformation Λ. The
Lorentz transformation matrix for the vectors, Λ, can be cal-
culated as ([1]):

Λα
β =

(
e− i

2 ωμν Jμν
)α

β
, (58)

where Jμν are the generators of the transformation andω is an
anti-symmetric matrix involving the transformation param-
eters (rapidities and rotation angles). In the most general
case, ω involves 6 independent parameters, and hence we
understand that the Lorentz transformation has 6 indepen-
dent parameters. This fact also constrains the number of lin-
early independent Lorentz scalars that can be written among
the p-set and q-set vectors.

If one knows ω, one can calculate the spinor representation
of the transformation as ([1]):

S(Λ) = e− i
4 ωμνσμν

. (59)

Using this, one can relate the spinors to one another as fol-
lows:

U±(q) = S(Λ)u±(p), V±(q) = S(Λ)v±(p). (60)

Finally, this leads to the calculation of the scalar bilinears as
follows:

w̄ε′,σ ′(p)Wε,σ (q) = w̄ε′,σ ′(p)S(Λ)wε,σ (p). (61)

Since we already know the linearly independent bilinear
structures involving only the u, v spinors (see, e.g., [4]),
Eq. (61) provides another well defined way to calculate the
scalar combinations w̄ε′,σ ′(p)Wε,σ (q).

What can be said further about S(Λ)? First, it should be
noted that, when one wishes to implement a Lorentz trans-
formation involving all 6 independent parameters at a sin-
gle step, difficulties may occur. Exponentiating the product
ωμνσ

μν or ωμν Jμν mixes the transformation parameters,
and the price paid to disentangle them exceeds the bene-
fits of pursuing a covariant calculation (also, an ambiguity
occurs concerning how to disentangle the parameters). One
can simply consider a specific coordinate system and a spe-
cific representation to see how the calculation actually looks
like.

Instead of this, it is wiser to perform a series of transfor-
mations, where each step involves only one of the parame-
ters. For example, consider an arbitrary 3-vector in Euclidean
space. Let its components be:

q = {sin(θ) cos(φ), sin(θ) sin(φ), cos(θ)},

where θ, φ are the usual spherical polar angles, where θ is
the angle that the vector makes with the positive z-axis and
φ is the angle that its projection on the xy-plane make with
the positive x-axis. Assume that we want to obtain this vec-
tor by rotating a unit vector parallel to the positive z-axis,
p = {0, 0, 1}. One can show that, for example, rotating p by
an angle θ around the y-axis, and then rotating the result-
ing vector by an angle φ around the z-axis gives q. So, the
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rotations are performed separately, in a given order. That
gives us a hint on how to relate our p-set and q-set vec-
tors. Once we have our vectors, we should first determine
a specific sequence of Lorentz transformations relating the
p-set to the q-set. Then, we can multiply the corresponding
spinor representations in exactly the same order, to obtain the
spinor representation of the full Lorentz transformation. To
be able to do this, we need to express ωμν in a proper way and
determine the 6 independent Lorentz transformations (each
involving only a single parameter) in a covariant fashion.

This line of reasoning motivates the following parametriza-
tion for ωμν :

ωμν ≡ ψ1(pμxν − pνxμ) + ψ2(pμyν − pν yμ)

+ ψ3(pμsν − pνsμ) + χ3(xμyν − xν yμ)

+ χ2(sμxν − sνxμ) + χ1(yμsν − yνsμ),

≡
6∑

i=1

ϕi Lμν(ϕi ) (62)

where we have defined two new vectors,

xμ ≡ −(dμ + d∗
μ), yμ ≡ −i(dμ − d∗

μ) (63)

such that x2 = y2 = −1, x · y = 0. These vectors are easier
to relate to specific coordinate choices than d, d∗, and this is
the motivation to introduce them here. Also, we have intro-
duced ϕi as representing the parameters, and Lμν(ϕi ) as rep-
resenting the corresponding tensor structure forϕi (appearing
in the expression for ωμν).

For each one of the parameters, we can define a corre-
sponding Lorentz transformation:

Λα
β(ϕi ) =

(
e− i

2 ϕi Lμν(ϕi )Jμν
)α

β
. (64)

For a given sequence of Lorentz transformations, one has
a corresponding sequence of spinor transformations. Once
the sequence of Lorentz transformations is determined, one
immediately obtains the corresponding spinor transforma-
tions.

For example, if one uses the following representation for
Jμν ([1]):

(Jμν)αβ = i
(
gμαδν

β − gμβδν
α

)
, (65)

one observes that (− i
2 Lμν(ϕi )Jμν)αβ = Lα

β . Using this
information, one can calculate the Lorentz transformations
corresponding to every single parameter as follows:

Λα
β(ψ1) = cosh(ψ1)

(
pα pβ − xαxβ

)

+ sinh(ψ1)
(
pαxβ − xα pβ

)
,

Λα
β(ψ2) = cosh(ψ2)

(
pα pβ − yα yβ

)

+ sinh(ψ2)
(
pα yβ − yα pβ

)
,

Λα
β(ψ3) = cosh(ψ3)

(
pα pβ − sαsβ

)

+ sinh(ψ3)
(
pαsβ − sα pβ

)
,

Λα
β(χ1) = cos(χ1)

(
yα yβ + sαsβ

)

+ sin(χ1)
(
yαsβ − sα yβ

)
,

Λα
β(χ2) = cos(χ2)

(
sαsβ + xαxβ

)

+ sin(χ2)
(
sαxβ − xαsβ

)
,

Λα
β(χ3) = cos(χ3)

(
xαxβ + yα yβ

)

+ sin(χ3)
(
xα yβ − yαxβ

)
. (66)

The corresponding spinor representations are then:

S(ψ1) = cosh(ψ1/2) − i sinh(ψ1/2)pμxνσ
μν,

S(ψ2) = cosh(ψ2/2) − i sinh(ψ2/2)pμyνσ
μν,

S(ψ3) = cosh(ψ3/2) − i sinh(ψ3/2)pμsνσ
μν,

S(χ1) = cos(χ1/2) − i sin(χ1/2)yμsνσ
μν,

S(χ2) = cos(χ2/2) − i sin(χ2/2)sμxνσ
μν,

S(χ3) = cos(χ3/2) − i sin(χ3/2)xμyνσ
μν. (67)

Is it possible to obtain a result for S(Λ) without know-
ing the sequence of separate transformations? The answer is
“yes”, up to an overall factor. To see this, one can resort to the
transformation property of gamma matrices (see e.g. [1–3]):

S−1(Λ)γ μS(Λ) = Λμ
νγ

ν. (68)

One can cast this equation in the following form:

γ μS(Λ) = Λμ
νS(Λ)γ ν. (69)

Using the exponential form of S(Λ), it is easy to verify
that S(Λ) involves only the following linearly independent
gamma matrix structures:

S(Λ) ≡ A + Bγ5 + 1

2
Eμνσ

μν. (70)

Then, using Eq. (69), one can obtain the following relations
for the coefficients A, B, Eμν :

A = iΛαβEαβ

4 − Λ
ρ
ρ

, B = εαβμνΛαβEμν

2(4 + Λ
ρ
ρ)

,

Eμν = 1

4 − Λ
ρ
ρ

(
2i AΛ[μν] − BεμναβΛαβ

)
, (71)

where Λ[μν] is the anti-symmetric part of Λμν .
Knowing A or B suffices to determine the other coeffi-

cients, but there is no other independent equation that can be
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obtained from Eq. (69). The only hope is to relate the expo-
nential forms of Λα

β and S(Λ) to obtain a relation among
their traces, which is itself a complicated task. Actually, the
situation here is no different than the phase fixing issue that
would be raised when one wishes to calculate the eigen-
spinors of Eqs. (31, 32), or to fix the overall phase discussed
in Sect. 3. A similar situation occurs for the calculation pre-
sented in [4] as well, in the form of choosing fixed basis
spinors onto which momentum and spin projectors act. Dirac
equation is an eigenvalue equation, and its solutions involve
some sort of freedom in any case, even when expressed in a
fully covariant manner.

One can consider the following spinors and related vectors
to check the relations discussed in this section, in terms of a
specific representation and a specific coordinate system:

ψ+(θ, φ) = √
2

⎡

⎢⎢⎢⎣

cos
(

θ
2

)
e−i φ

2

sin
(

θ
2

)
ei

φ
2

0
0

⎤

⎥⎥⎥⎦ ,

ψ−(θ, φ) = √
2

⎡

⎢⎢⎢⎣

− sin
(

θ
2

)
e−i φ

2

cos
(

θ
2

)
ei

φ
2

0
0

⎤

⎥⎥⎥⎦ . (72)

The normalization of the spinors follows that given at the
beginning of this section, and q2 = p2 = 1 as well.

Using the following representation for the gamma matri-
ces:

γ 0 =
[
I 0
0 −I

]
, γ i =

[
0 σ i

−σ i 0

]
, γ5 =

[
0 I
I 0

]
, (73)

we observe that we obtain the following set of vectors:

(pμ) = {1, 0, 0, 0},
(sμ) = {0, sin (θ1) cos (φ1), sin (θ1) sin (φ1), cos (θ1)},
(qμ) = {1, 0, 0, 0},
(rμ) = {0, sin (θ2) cos (φ2), sin (θ2) sin (φ2), cos (θ2)}.

(74)

(dμ) =
{

0,−1

2
(cos (θ1) cos (φ1) + i sin (φ1)) ,

− 1

2
(cos (θ1) sin (φ1) − i cos (φ1)) ,

sin (θ1)

2

}
,

(d∗μ) =
{

0,−1

2
(cos (θ1) cos (φ1) − i sin (φ1)) ,

− 1

2
(cos (θ1) sin (φ1) + i cos (φ1)) ,

sin (θ1)

2

}
,

(Δμ) =
{

0,−1

2
(cos (θ2) cos (φ2) + i sin (φ2)) ,

− 1

2
(cos (θ2) sin (φ2) − i cos (φ2)) ,

sin (θ2)

2

}
,

(Δ∗μ) =
{

0,−1

2
(cos (θ2) cos (φ2) − i sin (φ2)) ,

− 1

2
(cos (θ2) sin (φ2) + i cos (φ2)) ,

sin (θ2)

2

}
. (75)

All the above vectors have been calculated using the rela-
tions among spinors and the related Lorentz vectors as given
in Sect. 1.

We have observed that the Dirac equation can be written
purely in terms of Lorentz scalars, that the transformation
property of gamma matrices fixes the spinor representation
of the Lorentz transformation up to an overall factor, and that
the independent 1-parameter transformations can be easily
constructed in a fully covariant manner. All of these are pos-
sible with properly relating a basis set of spinors to a basis
set Lorentz vectors and recognizing various geometrical rela-
tions satisfied by those vectors.
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