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Abstract
We present a multilevel technique for the compression and reduction of univariate data and give an optimal complexity algo-
rithm for its implementation. A hierarchical scheme offers the flexibility to produce multiple levels of partial decompression
of the data so that each user can work with a reduced representation that requires minimal storage whilst achieving the required
level of tolerance. The algorithm is applied to the case of turbulence modelling in which the datasets are traditionally not
only extremely large but inherently non-smooth and, as such, rather resistant to compression. We decompress the data for a
range of relative errors, carry out the usual analysis procedures for turbulent data, and compare the results of the analysis on
the reduced datasets to the results that would be obtained on the full dataset. The results obtained demonstrate the promise
of multilevel compression techniques for the reduction of data arising from large scale simulations of complex phenomena
such as turbulence modelling.
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1 Introduction

Computational simulation is now pervasive throughout sci-
ence and engineering, providing new insights and unsur-
passed levels of resolution for complex physical phenomena.
However, even today’s petascale leadership computing facil-
ities are already producing data in such quantities that it is
rapidly becoming infeasible, or even impossible, to store all
of the output from a leading edge simulation. For instance,
present day fusion simulations being executed on leadership
computing facilities typically produce around 100 PB of data
in a single run. Themismatch between compute speed and the
speed with which data can be written to disc is set to become
evenmore acutewith the expectation that themachines antic-
ipated to comeonline in 2024will compute at 1018 operations
per second, but will only be capable of writing 1012 bytes per
second to disc—a situation 200 times worse than on current
petascale systems.

The anticipated deluge of data places an emphasis on the
development of techniques for the compression and reduc-
tion of scientific data being produced by very large scale
simulations. However, currently available techniques for the
compression of scientific data do not achieve sufficiently
high compression rates to tackle the problems alluded to
earlier. The introduction of compression into a scientific
workflow can be beneficial in terms of reducing storage costs
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and bandwidth, but it comes at a price: computer cycles
must be redeployed for the compression and decompression
steps. Furthermore, lossy compression introduces an addi-
tional source of error which many practitioners worry may
compromise the very phenomena that they seek to uncover.

Data compression and reduction is a well-studied subject
across a wide range of disciplines and data types [7,26] and
many techniques are available for scientific data, including
resampling and polynomial interpolation/extrapolation [1,
10,16,22], Fourier transforms paired with coefficient quan-
tization [21,31], wavelet decompositions [9,14,23,30], and
more [2,4,6,19,27,29]. The selection of a particular com-
pression technique (or the features to be included in a new
algorithm) must take account of the usage of the data. For
instance, streaming methods generally fail to attain optimal
compression yet may be deemed appropriate for certain sce-
narios when the dataset is too large to be loaded into memory
in its entirety. Some algorithms allow for random access of
the compressed data, while others build in resilience against
data corruption.

Generally speaking, a compression algorithm that is
designed with a particular type of data in mind (e.g. text,
images, or audio) is unlikely to perform well on another type
of data. A case in point is scientific data, which is stored in
high-precision formats and whose structure is quite different
from the media data that most codecs target. The underly-
ing need for high fidelity quantitative agreement means that
compression of scientific data is generally regarded as quite
challenging. Scientific computing requires specialized algo-
rithms that take into account the provenance of the data as
well as the objectives dictating the use of compression.

In the present work we present a multilevel technique for
the compression and reduction of univariate data. Hierarchi-
cal compression techniques offer a high degree of flexibility
which can be leveraged in a number of ways. For instance,
different end users may be satisfied with quite different lev-
els of accuracy when analyzing a dataset. A hierarchical
scheme offers the flexibility to produce multiple levels of
partial decompression of the data so that each user can work
with a reduced representation that requires minimal storage
whilst achieving the required level of tolerance. Alterna-
tively, differing local computational resources may constrain
the amount of data that a particular user can feasibly man-
age in their analysis. A hierarchical scheme is capable of
providing a dataset that meets the storage constraint whilst
minimising the lossiness.

In Sect. 2 we present algorithms that are designed with
both of the above use cases in mind. The performance of the
algorithms is quantified in terms of the underlying Sobolev
regularity of the data and shown to be, in a sense to be made
precise, quasioptimal. Importantly, the algorithms do not
require any a priori knowledge of the regularity of the data.
Section 3 describes the implementational details of the mul-

tilevel compression technique and, in particular, shows how
the decomposition can be performed in optimal complexity
without incurring any additional storage burden beyond that
needed for the original dataset. Finally, in Sect. 4 the algo-
rithm is applied to the case of turbulence modelling, where
the datasets are traditionally not only extremely large but
inherently non-smooth and, as such, rather resistant to com-
pression. Note that wavelet techniques have been used suc-
cessfully formodelling turbulence [28].Weapply the univari-
ate algorithm to the array-valued data by regarding each snap-
shot in time as a datum, and then compressing the snapshots
with time interpreted as the univariate index.We decompress
the data for a range of relative errors, carry out the usual anal-
ysis procedures for turbulent data, and compare the results of
the analysis on the reduced datasets to the results that would
be obtained on the full dataset. The results obtained demon-
strate the promise of multilevel compression techniques for
the reduction of data arising from large scale simulations of
complex phenomena such as turbulence modelling.

2 Algorithms for data reduction based on
orthogonal projection

Let [a, b] be an interval on the real line partitioned into
non-overlapping intervals PL . Consider data representing a
function u defined on [a, b]. Concretely, the data will con-
sist of the values of certain degrees of freedom, e.g. the
values taken by u at the knots NL of the intervals in PL .
To reduce the data, an alternative, smaller set of degrees
of freedom must be chosen to represent the function (or an
approximation thereof), and the values of these new degrees
of freedom must be determined. We will assume that PL is
the result of repeated bisection of intervals in an initial parti-
tionP0, resulting in a hierarchy of increasingly fine partitions
{P� : 0 ≤ � ≤ L} and nodesets {N� : 0 ≤ � ≤ L}. Each
successive partition has twice the number of intervals as the
previous partition, so #P� = 2�#P0 for � ∈ {0, . . . , L}.

Let V� denote the space of continuous piecewise linear
functions with respect to the partition P� for � ∈ {0, . . . , L}.
Then the spaces {V� : 0 ≤ � ≤ L} are nested, in the sense that
V0 ⊂ V1 ⊂ · · · ⊂ VL ⊂ L2([a, b]), and a function in V� is
determined by #N� = #P� +1 � 2� degrees of freedom. Let
Q� : VL → V� be the L2([a, b]) projection onto V� for � ∈
{0, . . . , L}. Given a function u ∈ VL , we propose to select
a reduced representation for u from among the projections
{Q�u : 0 ≤ � ≤ L}. QLu = u, clearly, so no loss of accuracy
is entailed in using QLu as a representation for u, although,
of course, neither is there any reduction of degrees of freedom
in this case. At the opposite extreme, using Q0u as a reduced
representation uses the fewest degrees of freedom but at the
same time is the lossiest course. Between these two extremes
one can choose a reduced representation Q�u ≈ u.
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One use case that can be envisaged is a user interested
in performing an analysis of a dataset but subject to mem-
ory constraints. In this scenario, the user wishes to have
the best reconstruction that can fit in the available storage.
Algorithm 1 gives a procedure that generates a reduced rep-
resentation Q�u with � the maximum possible such that the
number n of degrees of freedom used is no more than N , a
prescribed storage limit.

Algorithm 1 Reduction given a constraint on the degrees of
freedom available for the reduced representation.
Require: N ≥ #N0.
function Approximate(function u, number of DoFs N )

for � = 0, 1, 2, . . . do
if #N� ≤ N and #N�+1 > N then

return Q�u
end if

end for
end function

A second use case might be a user seeking the reduced
representation with the fewest degrees of freedom possible
while meeting a prescribed tolerance on the relative error ε,
i.e. satisfying for some τ ≥ 0

ε = ‖u − Q�u‖
‖u‖ ≤ τ

where ‖ · ‖ denotes the L2([a, b]) norm. Algorithm 2 gives
a method for achieving this objective.

Algorithm 2 Reduction given a constraint on the maximum
allowable error in the reduced representation.
Require: τ ≥ 0.
function Approximate(function u, tolerance τ )

calculate ‖u‖
for � = 0, 1, 2, . . . do

if ‖u − Q�u‖ ≤ τ‖u‖ then
return Q�u

end if
end for

end function

Observe that Algorithm 2 is guaranteed to terminate with
� ≤ L , since QLu = u. The calculation of the error
‖u − Q�u‖ used in the stopping criterion can be carried out
efficiently using the Pythagorean identity ‖u − Q�u‖2 =
‖u‖2 − ‖Q�u‖2. Full details on how to compute ‖u‖ and
‖Q�u‖, as well as a description of how to compute the pro-
jections {Q�u : 0 ≤ � ≤ L}, are presented in Sect. 3.

The following result quantifies the performance of Algo-
rithms 1 and 2 in terms of the Sobolev regularity r of the data
u. We emphasize that in order to apply Algorithms 1 and 2
it is not necessary to know the regularity of the data, i.e., the
largest value of r such that u ∈ Hr ([a, b]).

Theorem 1 Let u ∈ Hr ([a, b]) for some r ∈ (0, 3/2). Sup-
pose u 
= 0.

1. Let N ∈ N be given. Then Algorithm 1 gives a reduced
representation using n ≤ N degrees of freedom whilst
achieving a relative error ε � N−r‖u‖r/‖u‖.

2. Let τ ∈ (0, 1] be given. Then Algorithm 2 gives a reduced
representation with relative error ε ≤ τ whilst requiring
n � (τ‖u‖/‖u‖r )−1/r degrees of freedom.

Moreover, the L2([a, b]) projections used in Algorithms 1
and 2 are quasioptimal among linear reductions, in the sense
that: any other method using N degrees of freedom cannot
guarantee relative error below O(N−r‖u‖r/‖u‖); or, any
other method guaranteeing relative error τ‖u‖r/‖u‖ must
use at least O(τ−1/r ) degrees of freedom.

Proof We begin with Item 1. With N ∈ N given, take M ∈
{0, . . . , L} so thatAlgorithm1 returns QMu. Observe that the
projection error u− QMu = (QL − QM )u can be written as
the sum

∑L
�=M+1 (Q� − Q�−1)u.We claim furthermore that

‖u − QMu‖2 =
L∑

�=M+1

‖(Q� − Q�−1)u‖2. (1)

It suffices to show that {(Q� − Q�−1)u : M < � ≤ L} are
pairwise orthogonal. Take m, � ∈ {M + 1, . . . , L} differing.
Without loss of generality, assumem < �. By the nestedness
of the function spaces, (Qm − Qm−1)u ∈ Vm ⊆ V�−1. Con-
sequently, with ( · , · ) denoting the L2([a, b]) inner product,

(Q�u, (Qm − Qm−1)u) = (Q�−1u, (Qm − Qm−1)u),

and so (Q� − Q�−1)u ⊥ (Qm − Qm−1)u. Thus (1) holds.
Next we wish to relate the right-hand side of (1) to the

Hr ([a, b]) norm of u. To this end we use the following norm
equivalence, which holds for r ∈ (0, 3/2) with constants
independent of u [5,24]:

‖u‖2r �
L∑

�=0

22r�‖(Q� − Q�−1)u‖2, (2)

where Q−1 denotes the zero operator. The functions {(Q� −
Q�−1)u : M < � ≤ L} composing the projection error
u−QMu are exactly those that are weighted most heavily in
(2).Multiplying each side of (1) by the least of these weights,
22r(M+1), we find that

22r(M+1)‖u − QMu‖2 =
L∑

�=M+1

22r(M+1)‖(Q� − Q�−1)u‖2

≤
L∑

�=M+1

22r�‖(Q� − Q�−1)u‖2 � ‖u‖2r .
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Dividing through by 22r(M+1), we find that

‖u − QMu‖2 � 2−2r(M+1)‖u‖2r , (3)

again with constants independent of u (and M). As Algo-
rithm 1 returns QMu, N is bounded by #NM ≤ N <

#NM+1. In particular, N < #NM+1 � 2M+1. 2−2r(M+1) �
N−2r , so‖u−QMu‖2 � (N−2r‖u‖2r /‖u‖2)‖u‖2, as desired.

Next, consider Item 2. With τ ∈ (0, 1] given, take M ∈
{0, . . . , L} so that Algorithm 2 returns QMu, and let n be the
number of degrees of freedom required to represent QMu.
The case M = 0 is trivial. If M > 0,

‖u − QMu‖2 ≤ τ 2‖u‖2 < ‖u − QM−1u‖2. (4)

We remarked above that (3) holdswith constants independent
of u and M . That is, there exists some constant λ > 0 inde-
pendent of u andM such thatλ‖u−QM−1u‖2 ≤ 2−2rM‖u‖2r
. Combiningwith (4),wefind thatλ−12−2rM‖u‖2r ≥ τ 2‖u‖2.
Rearranging, n � 2M � (τ‖u‖/‖u‖r )−1/r , as desired.

Finally, we consider the quasioptimality of Algorithms 1
and 2. Consider any linear reduction operator T : Hr ([a, b])
→ L2([a, b]). If N degrees of freedom are required to rep-
resent Tu (i.e., if rank(T ) = N ), then ‖I −T ‖ � N−r (with
constant independent of N ) [12, p. 119]. In other words,
there exists some u ∈ Hr ([a, b]) such that ‖u − Tu‖ �
(N−r‖u‖r/‖u‖)‖u‖, so T can only guarantee accuracy of
at best O(N−r‖u‖r/‖u‖). On the other hand, if T can
guarantee accuracy of τ‖u‖r/‖u‖ for all inputs u (i.e., if
‖u − Tu‖ ≤ τ‖u‖r for all nonzero u ∈ Hr ([a, b])), we
can conclude that T must require at least O(τ−1/r ) degrees
of freedom: ‖I − T ‖ ≤ τ and rank(T )−r � ‖I − T ‖, so
rank(T ) � τ−1/r . 
�

In order to verify the predictions of Theorem 1, we con-
sider datasets corresponding to four functions of known
Sobolev regularities r ∈ {0.2, 0.6, 1.0, 1.4}. Figure 1 shows
the dataset corresponding to the case r = 0.2 along with a
selection of its projections to intermediate levels. The perfor-
mance of Algorithms 1 and 2 applied to each of the functions
is illustrated in Figs. 2 and 3. Observe that the dependence of
the number of degrees of freedom on the error tolerance (and
vice versa) is consistent with the predictions of Theorem 1.

3 Implementation

As shown in the previous section, Algorithm 1 achieves
quasioptimal errors when used to generate a reduced rep-
resentation given a fixed number of degrees of freedom.
Likewise, Algorithm 2 uses a quasioptimal number of
degrees of freedom when used to generate a reduced repre-
sentation achieving a fixed error bound. In practice, though,
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Fig. 1 Illustration of a function u ∈ H0.2([a, b]) used in Figs. 2 and 3
along with three of its projections Q2u, Q4u, and Q6u
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Fig. 2 Illustration of the error decay as Algorithm 1 is applied to data
using increasing numbers of degrees of freedom. As expected, the error
decreases as the number of degrees of freedom used increases, and the
decay is fastest for the most regular data. The dependence of the error
on the number of degrees of freedom supplied agrees with Theorem 1

scientists often use a dataset for multiple applications, each
requiring different accuracies or allowing for different num-
bers of degrees of freedom. The projection onto a finer level
may be needed to meet a prescribed tolerance. Conversely,
if the data are to be transferred across a network or onto
a machine with limited storage, then the projection onto a
coarser level may be required.

In general, the accuracy needed or the number of degrees
of freedom available may not be known in advance, and in
such cases one would ideally like to calculate and store the
entire hierarchy of projections {Q�u : 0 ≤ � ≤ L}. Stor-
ing these projections naïvely, using the nodal values on N�

to represent Q�u, will require
∑L

�=0 #N� � 2#NL degrees
of freedom. As mentioned in the introduction, we are pri-
marily concerned with data from extreme scale simulations
which stress the available storage media. As such, we cannot
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Fig. 3 Illustration of the growth of number of degrees of freedom
needed as Algorithm 2 is applied to data with decreasing error tol-
erances. As expected, more degrees of freedom are required to generate
a reduced representation with greater accuracy, and the growth is fastest
for the least regular data. The dependence of the number of degrees of
freedom needed on the error tolerance agrees with Theorem 1

afford to double the storage requirement in order to retain
the intermediate projections. Alternatively, we could store
only the original function u and recalculate the projections
{Q�u : 0 ≤ � ≤ L} as required. The disadvantage of the lat-
ter approach is that computing any intermediate projection
Q�u would require O(#NL) operations.

In this section we adopt an approach between these two
extremes. Specifically, we present data structures and asso-
ciated algorithms which enable us to reconstruct any of the
projections Q�u in O(#N�) operations without increasing
the overall level of storage beyond the #NL degrees of free-
dom required to store the original data u.

3.1 Decomposition

Let � ∈ {0, . . . , L −1} and suppose we have Q�+1u in hand.
In particular, suppose we have an array of the nodal values
of Q�+1u on N�+1. We aim to compute Q�u, the next best
reduced representation, and to store it, together with Q�+1u,
without requiring more than the #N�+1 degrees of freedom
originally needed to store Q�+1u. The key idea is based on
the following decomposition:

Q�+1u = (I −��)Q�+1u+Q�u−(Q�u − ��Q�+1u)
︸ ︷︷ ︸

z�

, (5)

where �� : VL → V� is the piecewise linear interpolant.
Consider how each of the three terms above can be rep-
resented. The first term, (I − ��)Q�+1u, vanishes on N�

and can therefore be represented solely in terms of the val-
ues it takes on N�+1 \ N�, the nodes in level P�+1 that are
not present in P�. Conversely, the second term, Q�u ∈ V�,

can be represented using the values at the nodes present in
P�. The values taken by Q�u on N�+1\N� can be recon-
structed through interpolation and as such do not need to be
stored. The third term, z�, need not be stored explicitly but
can be reconstructed from the first term thanks to the follow-
ing observations:

• z� ∈ V�

• z� − (I − ��)Q�+1u = −(Q�+1 − Q�)u ∈ V⊥
�

In other words, z� is the orthogonal projection of the first
term in (5) onto V�:

Q�(I − ��)Q�+1u = Q� I Q�+1u − Q���Q�+1u

= Q�u − ��Q�+1u = z�.

Hence, z� is the solution to the variational problem

find z� ∈ V� such that (z�, v�)

= ((I − ��)Q�+1u, v�) for all v� ∈ V� (6)

and thus it can be generated from the first term (see Sect. 3.3).
How can the decomposition in (5) be performed effi-

ciently? The first term, (I − ��)Q�+1u, is constructed
directly fromQ�+1u by subtracting the interpolant��Q�+1u.
Algorithmically, this can be accomplished by simply adjust-
ing the values stored on N�+1\N�, as illustrated in Fig. 4.
Following this step, the original data has been decomposed
as follows.

Q�+1u = (I − ��)Q�+1u + ��Q�+1u

The next step is to replace ��Q�+1u with Q�u. To this end,
observe that

Q�u = ��Q�+1u + (Q�u − ��Q�+1)u = ��Q�+1u + z�.

Hence, Q�u can be easily obtained given z�. Both ��Q�+1u
and z� are contained inV� and hence are specified by their val-
ues onN�. Therefore, we can compute Q�u from ��Q�+1u
by adding the values of z� on N�. In particular, the values
stored on N�+1\N� are left untouched.

In summary, Q�+1u can be transformed to (I−��)Q�+1u
and Q�u by the following procedure:

1. Modify the nodal values of Q�+1u on N�+1\N� to
become those of (I − ��)Q�+1u, as shown in Fig. 4.

2. Compute z� by solving (6).
3. Add z� to ��Q�+1u to obtain Q�u on N�.
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Fig. 4 Illustration of the calculation of (I − ��)Q�+1u and storage of
��Q�+1u. Here the nodes x j and x j+2 belong toN� and the node x j+1

belongs to N�+1\N�. The value stored at each node x j+1 in N�+1\N�

is modified by subtracting the average of the values stored at the neigh-

boring coarse level nodes, while the values at the coarse level nodes
are left unchanged. This results in the values of (I − ��)Q�+1u being
stored on N�+1\N� and the values of ��Q�+1u being stored on N�

By proceeding recursively, we can start with the nodal values
of u = QLu on NL and successively compute

(I − �L−1)QL︸ ︷︷ ︸
on NL\NL−1

, (I − �L−2)QL−1︸ ︷︷ ︸
on NL−1\NL−2

, . . . , (I − �0)Q1︸ ︷︷ ︸
on N1\N0

, Q0u︸︷︷︸
on N0

.

(7)

All of these functions can be represented without increas-
ing the number of degrees of freedom that were required
to store u. We can easily reconstruct any of the projections
{Q�u : 0 ≤ � ≤ L} using the procedure described in the next
subsection.

Algorithm 2 requires the calculation of the approximation
error ‖u−Q�u‖when determining whether to return a given
projection Q�u. These errors can be computed during the
decomposition process. By the definition of the L2([a, b])
projection, ‖u−Q�u‖2 = ‖u‖2−‖Q�u‖2. ‖u‖2 and ‖Q�u‖2
can be calculated using Simpson’s rule. With {‖Q�u‖2 : 0 ≤
� ≤ L} calculated once and stored, the reduction errors {‖u−
Q�u‖ : 0 ≤ � ≤ L} can be determined in O(1) operations
using O(L) additional storage.

3.2 Recomposition

Let � ∈ {0, . . . , L−1} and suppose we have (I −��)Q�+1u
and Q�u in hand. In particular, suppose we have one array of
the nodal values of (I −��)Q�+1u onN�+1\N� and another
of the nodal values of Q�u onN�. We can recompute Q�+1u
using (5):

Q�+1u = (I − ��)Q�+1u + Q�u − z�. (8)

Algorithmically, (8) consists of the following steps:

1. Compute z� and then subtract it from Q�u. This leaves
the nodal values of (I − ��)Q�+1u stored on N�+1\N�

and the nodal values of Q�u − z� = ��Q�+1u stored on
N�.

2. Prolongate ��Q�+1u from V� to V�+1 and add to (I −
��)Q�+1u to obtain Q�+1u, as illustrated in Fig. 5.

By proceeding recursively, we can start with the decom-
position given in (7) and recompute any of the projections
{Q�u : 0 ≤ � ≤ L} in the hierarchy given the corrections
{z� : 0 ≤ � < L}, which we compute as described in the
next subsection.

3.3 Computation of the correction

The correction z� is obtained by solving (6). We can refor-
mulate (6) as a matrix equation by taking v� to be each of
the coarse grid nodal basis functions {φ j

� : x j ∈ N�} in turn.
This yields a matrix equation of the form M�

�ξ = �f where
M� is the mass matrix with respect to the nodal basis on V�,�ξ is the vector of nodal values taken by z�, and �f is the load
vector. Two issues need to be tackled: the computation of �f
and the inversion of the mass matrix. The entries of �f are
given by

f j = ((I − ��)Q�+1u, φ
j
� ) = 1

4h�(α
−
�+1 + α+

�+1) (9)

where the notation is given in Fig. 6. Finally, the systemmust
be solved. M� is a tridiagonal symmetric positive definite
matrix, so �ξ can be determined in O(#N�) operations [13,
Algorithm 4.3.6]. This method requires a workspace of size
O(#N�), which can be allocated once and reused throughout
the decomposition and recomposition procedures.
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xj−2 xj−1 xj xj+1 xj+2

Q +1u

Q u − z

(I − Π )Q +1u

Fig. 5 Illustration of the recomposition of Q�+1u = (I −��)Q�+1u+
(Q�u − z�). Here the nodes x j−2, x j , and x j+2 belong to N� and the
nodes x j−1 and x j+1 belong to N�+1\N�. We are given the values of
Q�u − z� on the coarse nodesN� and the values of (I − ��)Q�+1u on

the nodesN�+1\N�. Hence, the values of Q�+1u are obtained by adding
the averages of the values stored on the neighboring coarse nodes to the
values stored on N�+1\N�

Fig. 6 Notation used in the
evaluation of the right-hand side
(9) used in the computation of
the correction z�. Here x j−2, x j ,
and x j+2 belong toN� and x j−1

and x j+1 belong to N�+1\N�.
The nodal values of
(I − ��)Q�+1u on the
neighboring nodes x j−1 and
x j+1 are denoted by α−

�+1 and
α+

�+1

xj−2 xj−1 xj xj+1 xj+2

α−
+1

1

α+
+1

(I − Π )Q +1u

coarse grid
hat function φj

× 1
4 h ×

1
4
h

3.4 Summary

The algorithms described above are all of optimal complexity
and require little by way of additional storage. The only sig-
nificant burden lies within the inversion of the mass matrix,
which requires a local workspace of size O(#N�) on level �.
This necessary additional workspace can be allocated once
and then used as a temporary workspace elsewhere in the
implementation. In summary, we have shown:

Theorem 2 The decomposition (7) requires the storage of
#NL degrees of freedom and can be computed in O(#NL)

operations. Moreover, the decomposition can be used to
reconstruct Q�u where � ∈ {0, . . . , L} using O(#N�) oper-
ations.

Proof The right-hand side �f can be computed at a cost of
O(#N�) operations using (9), while the cost of solving the
resulting system of equations is also O(#N�). Hence, the
cost of computing z� is O(#N�). The splitting (5) requires
the construction of {z� : 0 ≤ � < L}, which in total costs

O(#N0) + O(#N1) + · · · + O(#NL−1) = O(#NL)

operations since #N� � 2�. Equally well, the computation
of QMu from (7) also requires the computation of {z� : 0 ≤
� < M} at a cost of O(#N0)+· · ·+O(#NM−1) = O(#NM )

operations. 
�

4 Application to reduction of turbulence
data

In this section, we show how the hierarchical reduction
scheme may be applied to a typical application where large
datasets are generated. We consider the pseudo-spectral
simulation of forced isotropic turbulence performed on an
equispaced, periodic grid consisting of 10243 nodes over
the box [0, 2π ]3 using a second-order Adams–Bashforth
scheme and a Taylor-scale Reynolds number Rλ of approx-
imately 433 [20,25]. The simulation was performed using
a simulation timestep of size δt = 2 × 10−4 over 50,280
timesteps. Constraints on the amount of data that could be
handled meant that the original simulation did not output
the approximation at every timestep. Instead, decimation [1]
was applied and the approximation was only output at every
tenth timestep. The resulting dataset, comprising 5028 flow-
field instances with a storage timestep of �t = 2 × 10−3, is
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Fig. 7 Contours of the velocity
component normal to the slice at
various timesteps obtained using
the original and reconstructed
datasets with ε = 10−2 and
ε = 2.5 × 10−1. Compression
ratios of 4 and 200 are obtained
with ε = 10−2 and
ε = 2.5 × 10−1, respectively t
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in the public domain and available for download [17,20,25].
Even with decimation, the total amount of data stored from
the run is 60 TB. We select a subset, the velocity field on a
slice in the yz-plane consisting of 2562 gridpoints at 4097
storage timesteps, approximately 3.3 GB in size for analysis.

Our objective is to apply the reduction algorithmsdescribed
in Sect. 2 to this dataset. Using a variety of specified rela-
tive errors, we examine the relationship between error bound
and compression ratio and the impact of the reduction on the
results of post-processing and analysis typically applied to
turbulence data. The usual quantities of interest when analyz-
ing turbulence data are the fluctuations of the velocity around

the mean, the time evolution of the kinetic energy, the energy
spectrum, and two-point spatial and temporal correlations of
velocity. It is also of interest to be able to make qualitative
examinations of contour plots of the velocity.

The levels of accuracy required for the analysis of the
quantities of interest are generally higher than the level
needed to make a quick examination of the flow field at vari-
ous timesteps.Moreover, the analystwouldwant a significant
level of data reduction when performing visualisation of the
velocity fields but would set a higher relative error threshold
when carrying out quantitative analysis of the above quan-
tities of interest. The hierarchical decomposition technique
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Fig. 8 Pointwise deviation of
the velocity component normal
to the slice at various timesteps
obtained using reconstructed
datasets with ε = 10−3,
ε = 10−2, and ε = 2.5 × 10−1.
The compression ratios obtained
are 1.5, 4, and 200, respectively
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described in the previous sections provides the flexibility to
accommodate these requirements.

We apply the univariate compression procedure by regard-
ing the data as array-valued. That is, we take the dataset to be
{u(n�t) : 0 ≤ n ≤ 4096}, where u(n�t) is an array of the
values of u on the spatial slice at timestep n. We generate a
hierarchy of partitions {P� : 0 ≤ � ≤ 12} of the time interval
[0, T ] over which the simulation is sampled by repeatedly
pruning half of the timesteps.

For a given tolerance ε > 0,wewish to construct a reduced
representation that has a relative error of at most ε measured
in the norm defined by

‖u‖2 =
∫ T

0
|u(t)|2 dt

where |u| denotes the Euclidean norm of the array-valued
data (equivalent to the L2(
) norm over the yz-spatial slice).
Let M denote the number of nodes (here M = 2562)
over the spatial slice. Then we define an auxiliary tolerance
δ = ε/

√
M‖u‖ > 0. For every node m in the yz-slice, we

apply Algorithm 2 to the univariate data {um(n�t) : 0 ≤
n ≤ 4096} with the tolerance parameter δ to select a partic-
ular projection operator, which we denote by Q(m), for the
reduced approximation at the point. This means that the pro-
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Fig. 9 Illustration of the compression ratios achieved using various
levels of lossiness

jection operator may be different at different nodes m, but in
all cases we have

‖um − Q(m)um‖ ≤ δ.

It easily follows that

‖u − Qu‖2 ≤ Mδ2 = ε2‖u‖2

where Q is given by Q(m) at node m. In other words, the
resulting reduced representation has relative error at most ε.

4.1 Visualizations and compression ratios

Firstly, we illustrate the performance of the reduction scheme
when the primary interest is the visualisation of the velocity at
a particular timestep. Figure 7 shows the contours of the com-
ponent of the velocity normal to the spatial slice along with
the contours obtained when the aforementioned reduction is
performed with the choices ε = 10−2 and ε = 2.5 × 10−1.
The choice ε = 10−2 results in a 4-fold reduction in the data
and the reduced and original flow fields are virtually indistin-
guishable to the naked eye, whilst the choice ε = 2.5 × 10−1

results in a 200-fold reduction but still gives a faithful repre-
sentation of the true flow pattern (Fig. 8).

Figure 9 presents the relationship between the error tol-
erance ε set and the number of degrees of freedom used.
In particular, we give the values of the compression ratio,
defined to be the ratio of the size of the original dataset to
the size of the reduced representation. For instance, with a
tolerance of ε = 10−1, the compressor is able to reduce the
dataset size about 30-fold, requiring around 45s of compute
time for the decomposition of the original 3.3 GB dataset
on a single processor i7-3520m machine clocked at 2.9 GHz
with 16 GB of RAM.
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Fig. 10 Time histories of kinetic energy obtained using reduced repre-
sentations at the error levels ε indicated

4.2 Kinetic energy

The time evolution of the kinetic energy is an important
diagnostic for turbulence simulation since growth in kinetic
energy is often the precursor to divergence of the numerical
solver. The total kinetic energy is defined as

Etot = 1

2
|u|2.

The average value of the kinetic energy is given [20] as Etot =
0.695 for the present simulation.Wewish to compare the time
evolution of the kinetic energy computed using the reduced
representation with the values obtained using the full dataset.
Figure 10 shows that the time evolution of the kinetic energy
is virtually identical to the true energy evolution when the
value of the relative error is chosen to be ε = 10−2 and
that the results obtained with ε = 10−1, while noticeably
different from the true values, may still be acceptable for
practical purposes.

4.3 Temporal power spectrum

The power spectrum is used to identify the distribution of
the energy across different spatial and temporal scales of the
flow. Energy accumulation in the smaller spatial scales is
indicative of under-resolution in the numerical simulations.
The temporal power spectrum is defined for k ∈ N by

E(k) = 〈û∗(k)û(k)〉,
where û is the Fourier transform of the velocity, û∗ is its
complex conjugate, and 〈 · 〉 denotes the spatial average.

The temporal power spectrum of a velocity flow field
measures the distribution of kinetic energy across different
frequencies. For a purely random flow, the power spectrum
would not vary with frequency, signalling a uniform distribu-
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Fig. 11 Temporal power spectra obtained using reduced representa-
tions at the error levels ε indicated. For comparison, the line k−5/3 is
also plotted [18]

tion of energy over different time scales. In fluid turbulence,
by contrast, one expects to see a cascade of energies, with
lower frequencies carrying most of the energy and higher
frequency modes being less energetic.

Figure 11 presents the temporal power spectra for the
original data and several reduced representations. At low
levels of lossiness, the power spectrum obtained using the
reduced representation is in good agreement with the true
value. However, with ε = 10−1 the reduced spectrum differs
noticeably from the original. The discrepancies occur chiefly
in the mid-high frequencies; even with this large error, the
reduced representation preserves the energy in the low and
high frequency modes.

Overall, we see that using the reduced representation for
the analyses does not introduce energy into the flow and does
not interfere with the distribution of the low and high fre-
quency ranges of the energy spectrum.

4.4 Temporal autocorrelation

The final quantity that we check is the autocorrelation of the
velocities. This statistic allows us to ascertain whether any
artificial correlation has been introduced into the velocity
field by the reduction procedure. Temporal autocorrelation
is defined to be

R(τ ) = 〈u(t) u(t + τ)〉
〈u(t)2〉

where 〈 · 〉 again denotes the spatial average. The autocorre-
lation function measures the dependence of the flow field at
time t + τ on its state at t . In the case of turbulent flows,
one expects that by increasing τ this function should tend
to zero if the simulation is well-resolved. Figure 12 gives a
sample plot of temporal correlation of axial velocity at a par-
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Fig. 12 Temporal autocorrelation of the component of velocity normal
to the slice at a typical gridpoint obtained using reduced representations
at the error levels ε indicated

ticular gridpoint. Even at high lossiness, the autocorrelation
characteristics are preserved.

Overall, the results indicate that this univariate hierarchi-
cal reduction method can be effective even when applied
to traditionally challenging multivariate applications such as
turbulence.

5 Conclusion

The present work is the first step in developing a new
approach to data reduction based on multilevel decom-
position. The theory of multilevel decomposition is well-
established —see for example [5,8,11,15,24] and the ref-
erences therein—and it is widely used in the linear algebra
community, underpinning the convergence analysis of multi-
gridmethods and other related solvers. Herewe are using that
theory to develop data reduction algorithms instead. To the
best of our knowledge, this is the first time that multilevel
decomposition has been applied to data reduction.

The two most common multilevel decompositions are the
hierarchical basis method [3] and the orthogonal decomposi-
tion. Here we select the orthogonal decomposition since the
hierarchical basis is defined in terms of interpolants and so
is not stable for Sobolev regularity below d/2 (where d is
the spatial dimension of the domain over which the data are
sampled). By contrast, the quasioptimality results given in
Theorem 1 for the orthogonal decomposition hold for data in
Hr (
) for any r > 0. The ability to work with data of low
regularity is lost if a pure hierarchical basis approach is used.

The only problem with choosing the orthogonal basis
decomposition is that it seems to require additional mem-
ory to store all of the projections {Q�u : 0 ≤ � ≤ L}. In
Sect. 3 we show how this can be avoided at the expense of
computing certain L2([a, b]) projections. We do not regard
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these projections as cost prohibitive because, as shown in
Theorem 2, they require only O(#N�) operations. Thus, the
full hierarchy of projectionsmay be efficiently computed and
stored using no memory beyond that originally required for
u.

Compression is achieved by truncating the representation
at some level according to Algorithms 1 or 2. The resulting
reduced representation is defined by its values at the nodes
N� of a grid P� coarser than the original, full grid PL . It is a
simple matter to generate the values at all of the nodesNL by
interpolating the values on N� if required. That is, the grid
resolution is not lost when using the multilevel technique
presented in this work.

The final section, Sect. 4, is dedicated to an investigation
of the performance of the reduction method on a turbulence
dataset. We decompress the data with a range of error toler-
ances, carry out the usual analysis procedures on the reduced
datasets, and compare the results to those obtained with the
original data. The results show good agreement, demonstrat-
ing the promise of multilevel compression techniques for
the reduction of data arising from large scale simulations of
complex phenomena.
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