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Abstract In recent years thanks to enhancements in

design of advanced machines, laser metrology and

computer control, ultra-precision machining has

become increasingly important. In micromachining

of metals the depth of cut is usually less than the

average grain size of a polycrystalline aggregate;

hence, a cutting process can occur entirely within a

single crystal. The respective effect of crystallo-

graphic anisotropy requires development of machin-

ing models that incorporate crystal plasticity for an

accurate prediction of micro-scale material removal

under such conditions. To achieve this, a 3D finite-

element model of orthogonal micro-cutting of a single

crystal of b.c.c. brass was implemented in a commer-

cial software ABAQUS/Explicit using a user-defined

subroutine VUMAT. Strain-gradient crystal-plasticity

theories were used to demonstrate the influence of

evolved strain gradients on the cutting process for

different cutting directions.
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1 Introduction and motivation

With continuous miniaturization of industrial prod-

ucts, understanding of micro-scale deformation of

materials increases in its significance. In microma-

chining of metals, the depth of cut is usually less than

the average grain size of a polycrystalline aggregate.

As a result, the cutting action may occur entirely

within a single crystal. In the experimental microma-

chining studies, such parameters as the cutting force,

shear angle, dynamic shear stress and chip thickness

were observed to depend on the orientation of the

cutting direction and the cutting-plane normal with

respect to the crystal axis. This is naturally explained

by the fact that single crystals are highly anisotropic in

their physical properties [1]. To elucidate the under-

lying physics for the micro-machining process, dif-

ferent analytical and numerical models were proposed.

Sato [2] tried to use the continuum yield theory to

analyse changes in the shear stress and shear angle

with material anisotropy, but the attempt was unsuc-

cessful as the value of the shear angle was in the

reverse phase to shear stress. Later, Sato et al. [3]

calculated the shear angle from the vector sum of slip

directions on active slip systems based on the

assumption that the amount of shearing on the slips
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system is proportional to its Schmid factor. Shirakashi

et al. [4] used the Hill’s orthogonal plastic anisotropy

theory to predict shear angles in cutting f.c.c. single

crystals. This approach, however, was found to be not

suitable for predicting machining forces. Lee and

Zhou [5] and Lee et al. [6] used an effective Taylor

factor to predict a shear angle in single-crystal cutting.

For each crystallographic orientation, this factor was

calculated for all possible shear angles. However, it

was observed (based on the minimum energy crite-

rion) that a range of shear angles might exist for a

given type of material’s anisotropy. The authors

proposed that the most likely shear angle was the

one corresponding to the most negative texture-

softening factor among the ones with the same

minimum shear strength. This work was then extended

using the Merchant’s model to predict the change in

cutting forces with crystallographic orientation.

Recently, Kota and Ozdoganlar [7] developed a

plasticity-based model of a machining force combin-

ing the Bishop and Hill’s crystal plasticity models with

the Merchant’s orthogonal cutting model; the exper-

imental validation of the model was carried out. All

these analytical models were developed based on

assumption of plain-strain orthogonal cutting.

Continuum numerical models of micro-scale mate-

rial removal processes compared to analytical ones are

limited. Liang et al. [8] attempted to predict the effects

of crystal orientation and grain boundaries on cutting

forces using 2D finite-element (FE) analysis. How-

ever, in the study deformation was confined only to the

elastic region. Liu and Melkote [9] developed a 3D FE

model of micro-cutting including strain-gradient

effects. In their study the crystallographic anisotropy

was not accounted for in the constitutive equations.

Recently, Zahedi et al. [10] and Demiral et al. [11]

investigated the effect of crystallographic anisotropy

on a response of copper single crystal using a 3D

smoothed particle hydrodynamics/FE crystal plastic-

ity model and a strain-gradient crystal-plasticity FE

model, respectively. This technique has been shown to

have much promise.

Recent experiments have demonstrated that metal-

lic materials display a strong size effect at the micron

and sub-micron scales [12, 13]. This phenomenon was

attributed to the presence of geometrically necessary

dislocations (GNDs) associated with nonuniform

plastic deformation. In this regard, it becomes essential

to account for strain gradients, arising in cutting

processes, for accurate prediction of micro-scale

material removal in machining models. Since conven-

tional crystal-plasticity theories possess no intrinsic

material lengths, these cannot explain the size-depen-

dent material’s behaviour at small scales. In this study,

an enhancedmodelling scheme of a lower-order strain-

gradient crystal-plasticity (EMSGCP) theory proposed

byDemiral [14] is used. This work aims to demonstrate

the influence of lower-order strain gradients on the

deformation response of b.c.c. single-crystal brass in

the machining process. In contrast to lower-order

gradient theories, higher-order theories incorporate an

additional partial differential equation accounting for

strain gradient effects, requiring extra boundary con-

ditions, which are often difficult to determine [15–18].

This paper is organized as follows: the details of the

developed finite-element model of micro-cutting are

introduced in Sect. 2. Section 3 presents its validation

against experimental data and demonstrates its predic-

tive capabilities for different cutting directions. Finally,

we conclude with some remarks in Sect. 4. The theory

for a strain-gradient crystal-plasticity model with gov-

erning equations is presented in ‘‘Appendix’’.

2 Finite-element implementation

A FE model of the orthogonal micro-machining

experiment on a workpiece with dimensions

20 lm 9 20 lm 9 0.48 lm (Fig. 1) was developed

[11]. Considering a compromise between the accuracy

and computation time, 29,600 eight-node linear brick

elements (C3D8) were used to discretise the sample,

with a minimum element size of 60 nm in the process

zone. The cutting tool, modelled as a rigid body with

rake and clearance angles of 0�, was displaced in the

cutting direction ([abc] in Fig. 1) with a velocity of

-1300 mm/s. A depth of cut (ap) was fixed at 0.8 lm
and the maximum cutting length of 1.75 lm was

considered in the simulations. Friction was neglected

throughout the simulation. Chip separation from the

workpiece material was achieved with the use of an

element-deletion module available in ABAQUS/Ex-

plicit [19]; the Taylor cumulative shear strain on all

slip systems (~c) was employed as the failure criteria.

Shear failure is assumed to occur when this parameter

reached a critical value of 3.

Here, machining in a single crystal of b-brass with a
b.c.c. crystalline structure is studied. It was known that
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the active slip system of this structure is {110}\111[
[16]; therefore, only this set—from three potential

system in b.c.c. materials—was enabled in the simu-

lations. Three material parameters, C11 = 131.0 GPa,

C12 = 115.0 GPa, C44 = 92.0 GPa, were used to

define the elasticity tensor for the b-brass crystal [17],
with its density 8500 kg/m3; the respective plasticity

parameters used in the simulations are listed in

Table 1. Standard damping parameters of 0.06 and

1.2 for linear and quadratic bulk viscosity, respec-

tively, were used. A mass scaling factor was set at

1000 to improve computational speed. This led to an

increase in time increment by a factor of *33 to

Dt = 3.15 9 10-10 s, without compromising numer-

ical accuracy.

The simulations were performed using the

EMSGCP and enhanced modelling scheme of crys-

tal-plasticity (EMCP) theories implemented in the

finite-element code ABAQUS/Explicit [15] using the

user-defined material subroutine (VUMAT). Their

comparison elucidates the amount of evolving strain

gradients during the deformation process. A summary

of the theories is given in ‘‘Appendix’’.

3 Results and discussion

In this section, results of the FE simulations of

orthogonal micro-cutting of single-crystal b-brass
are presented. To assess the effect of rotation angle h
for a crystal with the [101] axis parallel to the

observation direction (Fig. 1) on the shear angle /,
seven cutting directions, viz. h = -45�, -35�, -20�,
0�, 20�, 35� and 45�, were chosen. The corresponding
values are listed in Table 2.

Figure 2 demonstrates chip shapes obtained in FE

simulations based on the EMSGCP theory for different

rotation angles of the (1 0 1) b-brass. Apparently, /
varies remarkably with h, resulting in the correspond-

ing values of 52�, 54�, 37�, 44�, 46�, 53� and 44� for
h = -45�, -35�, -20�, 0�, 20�, 35� and 45�, respec-
tively (Fig. 3).

In ultra-precision machining, a large shear angle is

associated with continuous chip formation and good

surface finish [26]. Therefore, among the cutting

directions investigated here, h = -45�, -35� and 35�
are preferable for micro-cutting of brass single crystals

for a better surface finish. To check the accuracy of the

model, the obtained results were compared with the

experiments presented in [20]. Our FE results demon-

strated that the shear angles were predicted reasonably

Fig. 1 Dimensions and coordinate system for orthogonal

cutting of single-crystal workpiece material

Table 1 Plastic parameters used in FE simulations [11,

21–25]

_ca0 (s-1) 10-3 K (MPa mm) 0.04

n 20 l (GPa) 27.12

q 1 b (mm) 2.56 9 10-7

h0 (MPa) 294 qs|t=0 (mm-2) 6.8 9 105

gaT jsat (MPa) 60 q|t=0 (mm-2) 5.0 9 104

aT 0.8 �S= �V 4.36

Table 2 Different cutting directions ([abc]) and cutting-plane

normals ([def]) for different h values of [1 0 1] axis parallel to

the observation direction (see Fig. 1)

h [abc] [def]

-45� [1.414 -2 -1.414] [-1 -1.414 1]

-35� [0.990 -2 -0.990] [-1 -0.990 1]

-20� [0.515 -2 -0.515] [-1 -0.515 1]

0� [0 -1 0] [-1 0 1]

20� [-0.515 -2 0.515] [-1 0.515 1]

35� [-0.990 -2 0.990] [-1 0.990 1]

45� [-1.414 -2 1.414] [-1 1.414 1]
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close except for h = -20� and h = 0�. However, the
general trends of the curves describing a variation of /
for different h values, obtained numerically and

experimentally, were in good agreement.

Figure 3 presents also the analytical results based

on the analysis of the Schmid factor reported in [20].

Although the shear angles were captured successfully

for h = -20� and h = 0� with this approach, a

Fig. 2 Numerically obtained chip morphologies at cutting length of 1.0 lm for different rotation angles of (1 0 1) b-brass
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significant deviation was observed for other values,

especially for h = -45� and h = -35�. These results
suggest that our numerical predictions are more in

accord with the experiments when compared to the

analytical ones. It should be emphasized that the

frictional, thermal and viscous effects were not

accounted in the present model; this might be one of

the reasons for overestimation of / values at

h = -20� and h = 0� using FE analysis.

Evolution of the calculated cutting forces with an

increasing cutting length for different h values of the

(1 0 1) b-brass is shown in Fig. 4. Because of

excessive distortion of elements in simulations for

h = -20� and h = 20�, the analysis did not complete;

hence, the corresponding results for the cutting force

were not included in Fig. 4. The cutting force was

found to vary with different cutting directions. For

instance, the measured value of the cutting force at the

[1.414 -2 -1.414], [0.990 -2 -0.990], [-0.990 -2

0.990] and [-1.414 -2 1.414] directions correspond-

ing to h = -45�, -35�, 35� and 45�, respectively, are
larger compared to that in the [0 -1 0] directions

(h = 0�). It should be emphasized that the fluctuations

in the calculated cutting force occurred due to: (1) a

small stable time increment used in analysis, where

dynamic response associated with stress waves mov-

ing through the material (and reflecting at boundaries)

were captured in the overall cutting force response; (2)

reorientation of the local mesh during cutting process

leading to a variation in the shear angle [10, 27]. These

perturbations in the reaction force may be eliminated

by introducing additional damping in the model,

which would decrease the stable time increment thus

making the analysis computationally expensive.

FE simulations were also performed using the

EMCP theory. The results obtained with this approach

demonstrate that while the EMSGCP theory predicted

a cutting force that increased with an increase in the

cutting length, the EMCP theory predicted the force

value, stabilised at larger cutting-length magnitudes

(Fig. 4). These observations are valid for all the

studied cutting directions. The difference in the

predicted cutting forces for the two theories was due

to the fact that the EMSGCP theory characterises the

contribution of strain gradients and its evolution

during the inhomogeneous cutting process, and,

hence, the strain-hardening rate was higher. The

averages of force magnitudes for the cutting lengths

of 1.0 lm and 1.75 lmwere calculated; they are listed

in Table 3 (FEMCP and FEMSGCP are the cutting force

obtained with the EMCP and EMSGCP theories,

respectively). As expected, the values predicted with

the EMSGCP theory were noticeably larger when

compared to those based on the EMCP theory. It was

noted that the extent of respective difference was more

significant for h = 0� and h = 35� than that for

h = -35� and h = 45�.
The levels of specific cutting energy were calcu-

lated based on the obtained cutting forces for different

d.o.c. (0.8–2.0 lm) to investigate the size effect in

micromachining of a f.c.c. single crystal. The

EMSGCP theory was found to be more in accord with

the experiments compared to the EMCP theory.

Apparently, the observed differences in realisation

of micro-cutting in different directions should be

underpinned by some processes at micro scale.

Figure 5 presents the distributions of the sum of

magnitudes of effective GND density in all the slip

Fig. 3 Variation of shear

angle with rotation angle

obtained in experiments

[20], simulations (via the

EMSGCP theory) and

analytical solutions [20] for

(1 0 1) b-brass
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systems
P

a n
ðaÞ
G

�
�
�

�
�
�

� �
for different cutting directions.

This indicates that the effect of GNDs is significant on

the chip surface in contact with the tool for h = 0� and
h = 45�, whereas for other orientations, it is higher

both on the surface and in the primary deformation

zone (PDZ), but with a larger magnitude in the former.

It was observed that both the magnitude of the GND

effect and its extent for h = 45�were less compared to

other orientations. This explains the correspondingly

smaller relative difference of *10 % in FEMCP and

FEMSGCP for this orientation (Table 3) with respect to

others. To get an insight into the distribution of GNDs,

the total accumulative shear strain on all slip systems,

Fig. 4 Evolution of cutting forces obtained using EMSGCP and EMCP theories for different cutting directions
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~c, was considered since their density is directly

proportional to the gradients of effective plastic strain.

For all the orientations, the shear activity was

observed on both the chip surface and in the PDZ,

but with a higher magnitude in the former. Interest-

ingly, although its variation was observed in both

regions for all the orientations, no GNDs evolved in

the primary deformation zone for h = 0� and h = 45�.
This can be explained by the level of chip thickness

after machining. Hence, a chip compression ratio

(ratio of post-turning chip thickness to undeformed

chip thickness) was calculated for all the cases

investigated (Table 4). This ratio was higher for

h = 0� and h = 45� due to larger post-turning thick-

ness value. Since the GND density is proportional to

the change in the effective plastic strain related to the

size of the concerned region, for h = 0� and h = 45�
the effect of GNDs was not significant in the PDZ due

Table 3 Average cutting forces obtained with EMSGCP and EMCP theories and their relative differences for different h values

h FEMCP (lN) FEMSGCP (lN) (FEMSGCP - FEMCP)/FEMSGCP (%) Chip compression ratio

-45� 1.064 1.251 17.53 0.82

-35� 1.127 1.276 13.21 0.86

0� 0.891 1.104 23.91 1.16

35� 0.945 1.207 27.65 0.84

45� 1.148 1.265 10.19 1.17

Fig. 5 Distribution of effective density of GNDs in all slip

systems
P

a n
ðaÞ
G

�
�
�

�
�
� (top) and total accumulative shear strain on all

slip systems (~c) (bottom) at cutting length of 1.2 lm obtained

with FE simulations using EMSGCP theory for (1 0 1) single-

crystal b-brass for various h
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to larger post-turning chip thickness. Here, it should be

emphasized that the EMSGCP being a lower-order

theory does not require additional boundary condi-

tions, preserving the classical structure of conven-

tional plasticity theories, in contrast to proposed

higher-order theories.

The influence of strain gradient on chip morphol-

ogy was also investigated. Figure 6a presents the chip

shapes obtained with the EMCP and EMSGCP

theories (with different Taylor coefficient aT) for

h = 45�. It is worth mentioning that higher aT values
imply larger strain gradients. A larger shear angle with

a smaller post-turning chip thickness was obtained

when the EMCP theory was used (Table 4). This can

be explained as follows: in the absence of evolving

strain gradients, the material’s cumulative strength is

predicted to be lower; hence, the chip is formed easier,

and shear planes with larger angles are generated,

resulting in smaller chip thickness. On the other hand,

when strain gradients become prominent, higher

cutting energy is required due to increased material’s

strength to generate the chip; hence, shear planes with

smaller angles are obtained, resulting in larger post-

turning chip thickness.

During the micro-cutting processes, as the material

progressively deforms, the lattice rotates considerably.

Figure 6a demonstrates reorientation of the crystalline

lattice about the axis parallel to the observation

direction for different aT values. A significant texture

evolution, up to 45�, in the PDZ was observed for all

the cases. Apparently, lattice rotations in the PDZ

were overestimated by the EMCP theory. This can be

explained as follows: as the mismatch in the lattice

spin due to imposed boundary conditions for a

material point can be accommodated by GNDs, the

orientation change predicted by the EMSGCP is less

distinct in comparison to that for the EMCP theory

[28].

Niordson and Hutchinson [29] studied physical

acceptability of a lower-order strain-gradient theory and

observed a vertex in the plastic strain distribution when a

finite layerwas subjected to shear,which is anunexpected

non-physical result. When the total accumulated shear

strain on all slip systems, ~c, on path A–B (shown in

Fig. 6a) is plotted for the investigated cases (Fig. 6b),

the distributions of plastic shear strain are smoother

(with an increase in aT) indicating that the predictions
from EMSGCP are in line with expectations from a

physically reasonable strain-gradient theory.

4 Concluding remarks

In this paper, a numerical implementation of an

enhanced model of strain-gradient crystal plasticity

was used to demonstrate predictive capabilities of the

theory in assessment of the effect of evolved strain

gradients on the cutting process for different cutting

directions of b.c.c. single crystals of b-brass. The shear
angles predicted for different h values using our FE

model are in better agreement with the experimental

data than those obtained analytically. It was noted that

the spatial positions of evolved GNDs varied consid-

erably: for one orientation, they were mostly localised

on the chip surface while in other cases they also

evolved in the primary shear zone. Both chip mor-

phology and texture evolution during the cutting

process were affected significantly when the evolution

of GNDs was accounted for in the constitutive

equations. In this study, only mechanical pro-

cesses—most prominent in micro-cutting—were

considered.

Table 4 Parameters of calculated chip morphologies at cutting length of 1.2 lm for different crystal orientations and Taylor

coefficients

h Taylor

coefficient (aT)
Shear

angle

Post-turning chip

thickness (lm)

Uncut chip

thickness (nm)

Chip

compression ratio

-45� 0.8 0.659 0.8 0.82

-35� 0.8 0.688 0.8 0.86

0� 0.8 0.927 0.8 1.16

35� 0.8 0.668 0.8 0.84

45� 0.0 45� 0.873 0.8 1.09

45� 0.8 42� 0.924 0.8 1.19

45� 1.6 39� 1.018 0.8 1.27
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The next natural step would be to further develop

the suggested approach incorporating frictional and

thermal effects. There is much debate as to the nature

of frictional laws especially with regard to small scale

cutting. These matters aside, the presented model and

corresponding results are not expected to change

qualitatively.
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Appendix

An enhanced modelling scheme for a strain-gradient

crystal-plasticity (EMSGCP) theory proposed by

Demiral [14] was used in the simulations. In the

EMSGCP theory, the critical resolved shear stress

(CRSS) (gaT jt¼0) is governed by the initial strength of

slip systems related to SSDs (gaSjt¼0) and GNDs

(gaGjt¼0), linked with initial SSD (qSjt¼0) and GND

(qGjt¼0) densities via the constant, K:

gaT jt¼0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

gaSjt¼0

� �2þ gaGjt¼0

� �2
q

; ð1aÞ

gaSjt¼0 ¼ K

ffiffiffiffiffiffiffiffiffiffiffiffi
qSjt¼0

q
;

gaGjt¼0 ¼ K

ffiffiffiffiffiffiffiffiffiffiffiffiffi
qGjt¼0

q
¼ K

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

qjt¼0
�S= �Vð Þ2

q

:

ð1bÞ

The GND density term was expressed as a function

of the normalized surface-to-volume �S= �Vð Þ ratio

(hence, dimensionless) for the component under study

[30]. The slip resistance during loading evolves with

hardening due to the SSDs (DgaS) and GNDs (DgaG) on
the slip system as follows:

gaT ¼ gaT jt¼0 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

DgaS
� �2þ DgaG

� �2
q

; ð1cÞ

DgaS ¼
XN

b¼1

habDc
b; DgaG ¼ al

ffiffiffiffiffiffiffiffi
bnaG

q
; ð1dÞ

where hab, aT, l, b and naG corresponds to the slip-

hardening modulus, the Taylor coefficient, the shear

Fig. 6 a Distribution of

lattice rotations on deformed

configurations at cutting

length of 1.2 lm obtained

with FE simulations using

EMCP and EMSGCP

theories for h = 45�. b Total
accumulated shear strain on

all slip systems along path

A–B (b) at cutting length of

1.2 lm
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modulus, the Burgers vector and the effective density

of geometrically necessary dislocations, respectively.

The hardening model proposed by Peirce et al. [24]

was used to describe hab, as follows:

haa ¼ h0sech
2 h0~c
gaT jsat � gaT jt¼0

�
�
�
�

�
�
�
�;

hab ¼ qhaaða 6¼ bÞ;

~c ¼
X

a

Z t

0

_caj jdt;

ð2Þ

where h0 is the initial hardening parameter, gaT jsat is the
saturation stress of the slip system a, q is the latent

hardening ratio, and ~c is the Taylor cumulative shear

strain on all slip systems. The effective GND density

(naG) is given by

naG ¼ ma �
X

b

sabrcb �mb

�
�
�
�
�

�
�
�
�
�
; ð3Þ

where sa is the slip direction, ma is the slip-plane

normal, sab ¼ sa:sb and rcb is the gradient of shear

strain in each slip system [24].

In Eq. (2), _ca is the shearing rate on the slip system
a expressed by the following power-law equation:

_ca ¼ _ca0sgnðsaÞ
sa

gaT

�
�
�
�

�
�
�
�

n

; ð4Þ

where _ca0, n, s
a and gaT are the reference strain rate, the

macroscopic rate-sensitivity parameter, the resolved

shear stress, the strength of the slip system a at the

current time, respectively, and sgnð�Þ is the signum

function of *. In an enhanced model of crystal-

plasticity (EMCP) DgaG is assumed to be equal to 0.
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